
Democratic Republic Of Algeria And Popular
Ministry Of Higher Education And Scientific Research

University Mohamed Boudiaf of M’sila
Faculty of Mathematics and Computer Science

Department of Mathematics

Master Memory
Domain : Mathematics and Computer Science
Filiere : Mathematics
Option : Functional analysis

Theme

The notion of (p, r)-compactness

 Before the jury composed of

 

Academic Year : 2018/ 2019

Presented by:
ZEGHAD Bochra

Graduation Date: 02/07/2019

Mr. MEZRAG Lahcene Prof U       of  M'sila President 

Mr. ACHOUR Dahmane Prof U       of  M'sila Supervisor
 Mr. DAHIA Elhadj M.C.A E.N.S of  Bousaada Examiner





 

Acknowledgements 

Praise be to Allah, who thanks to complete this work and ask him more success 

and excellence with his permission almighty. Thank God so much.  

I extend my thanks and gratitude to my supervisor   

Professor Achour Dahmane 

My since thanks to the president of the jury  

Professor Lahcène Mezrag 

and the examiner  

Doctor Elhadj Dahia 

I thank them for all their guidance and information contributed to the 

enrichment of the subject of our study.  

I do not forget to thank my teachers from primary to university. 

My thanks to all the members of family and my friends for their help during my 

studies. 

 

I thank them all. 

 

 



Table of contents

Notations i

Introduction ii

1 Preliminaries 1

1.1 p-summable sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Operator ideals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 The ideal of (t; u; v)-nuclear operators . . . . . . . . . . . . . . . . . . . . . . 7

2 The notion of (p; r)-compactness 11

2.1 Relatively (p; r)-compact subsets . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 The operators ideal of (p; r)-compact operators . . . . . . . . . . . . . . . . . 15

2.3 Applications to some related operator ideals . . . . . . . . . . . . . . . . . . 20

3 Lipschitz (p; r)-compact mappings 23

3.1 Notation and preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2 The composition ideal of Lipschitz (p; r)-compact operators . . . . . . . . . . 25

3.3 Lipschitz-free and locally (p; r)-compact mappings . . . . . . . . . . . . . . . 32

Bibliography 35



Notations

Notations

p� The conjugate index of p (i.e.,1
p
+ 1

p� = 1):

K The �eld of real or complex numbers.

L(X; Y ) The space of all bounded linear operators from X to Y:

K(X; Y ) The space of all compact operator from X to Y .

Kp(X; Y ) The space of all p-compact operator from X to Y .

F(X; Y ) The space of all �nite-rank operators from X to Y:

F(X; Y ) The space of approximable operators from X to Y:

SX The unit sphere of X.

BX The unit ball of.

X� The topological dual of X.

`1(BX) The Banach spaces of all absolutely summable scalar families (�x) where x 2 BX .
`1(BX�) The Banach spaces of all bounded scalar families (�x�) where x� 2 BX� :

QX The natural surjection QX : `1(BX)! X is de�ned as QX(�x)x2BX =
P

x2BX

�xx:

JX The natural embedding JX : X ! `1(BX�) is de�ned as JX(x) = (x�(x))x�2BX� :

convf(xn)ng The convex hull of a sequence (xn)n:

absconvf(xn)ng the closed absolutely convex hull of (xn)n:

p-convf(xn)ng The p-convex hull of a sequence (xn)n:

B"(x0) The open ball centered at x0with radius ":

Lip0(X;E) The space of all Lipschitz mappings T from X to E that vanish at 0:

X# = Lip0(X;K) The Lipschitz dual of the pointed metric spaces X:

Lip0(X;E) The space of Lipschitz compact operators.

F(X) The Lipschitz-free space of a metric space X:

Æ(X) The Arens-Ells space.

TL The linearization of the Lipschitz operator.

T# The Lipschitz adjoint (or dual) of T:

T � The adjoint linear operator of T:

T t The Lipschitz transpose map of T:
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Introduction

In 1955, Grothendieck [12] described relatively compact subsets of a Banach space as sets

contained in the closed convex hull of a norm null sequence. Nowadays this result is called

the Grothendieck compactness principle. If one replaces null sequence with the p-summable

sequences in the Grothendieck compactness principle, for some �xed real number p � 1,

then one obtains a stronger form of relative compactness. This form of compactness was

occasionally considered in 1980 by Reinov [19] and Bourgain and Reinov [6]. In this case,

we say that K is relatively p-compact in the sense of Bourgain Reinov. In 2002 Sinha and

Karn de�ned and studied in [21] another form of relative compactness, which lays between

the aforementioned types of relative compactness. They required the set to belong to the

so-called p-convex hull of a p-summable sequence. This type of sets are called in the present

work relatively p-compact sets in the sense of Sinha Karn. Recently, Achour, Dahia, and

Turco they extended the notion of p-compact operators in the sense of Sinha Karn which

has been studied in [21] to Lipschitz p-compact operators [1].

In [4], Ain, Lillemets, and Oja they de�ned (p; r)-compact operators in an obvious way:

a linear operator T : X ! Y is (p; r)-compact if T (BX) is a relatively (p; r)-compact subset

of Y . The purpose of this work is to study the class of (p; r)-compact operators, and describe

its structure as an operator ideal. We also introduce the Lipschitz (p; r)-compact operators.

Certain results and properties of this new class will be obtained.

This memoire has been organized as follows. In the �rst Chapter is an overview of notions

and basic concepts and results needed in the following chapters. These include vector-valued

sequence spaces, also operator ideals and we describe the ideal of (t; u; v)-nuclear operators.

In the second Chapter We start by the notion of relatively (p; r)-compact sets, and we de�ne

the operator ideal K(p;r) of all (p; r)-compact operators as an operator ideal. We prove that
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Introduction

K(p;r) is a surjective operator ideal (see proposition 2.2.2). Also, we prove that K(p;r) equal
to N sur

(p;1;r�), the surjective hull of (p; 1; r
�)-nuclear operators (see Theorem 2.2.1). We equip

K(p;r) with the corresponding s-norm from N sur
(p;1;r�) and we present the relationship between

K(p;r) and some operator ideals.
In the last Chapter we study the Lipschitz operators between pointed metric spaces

and Banach spaces which are determined by (p; r)-compact sets. For this, we introduce

three di¤erent notions of Lipschitz operators related with (p; r)-compact sets: the Lipschitz

(p; r)-compact operators, the Lipschitz free-(p; r)-compact operators, and the locally (p; r)-

compact Lipschitz operators.

iii



Chapter 1

Preliminaries

In this chapter we recall some basic information and concepts used in the following chapter.

Need the space of p-summable sequences, based on the book [9] by Diestel, Jarchow, and

Tonge, also operator ideals with some ways to construct new operator ideals. We refer to

Pietsch�s monographs [17], [18] for the theory of operator ideals. Some preliminaries are

also due to [4].
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1.1. p-summable sequences

1.1 p-summable sequences

In this work the space of absolutely and weakly p-summable sequences are necessary. We

introduce them in this section. Let X be a Banach space over K, and 1 � p � 1. We start
by The classical Banach sequence space `p; `1; and c0 are de�ned by

`p = `p(K) =

(
(xn)n � K : k(xn)nkp = (

1X
n=1

jxnjp)
1
p <1

)

`1 = `1(K) =
�
(xn)n � K : k(xn)nk1 = sup

n
jxnj <1

�
c0 = c0(K) =

n
(xn)n � K : lim

n!1
jxnj = 0

o
De�nition 1.1.1 Let 1 � p <1. The space `p(X) of absolutely p-summable sequences in
X becomes a Banach space when equipped with the norm given by

k(xn)nkp = (
1X
n=1

kxnkp)
1
p :

De�nition 1.1.2 The space `1(X) of bounded sequences in X, and the space c0(X) of

norm null sequences in X, are Banach spaces with the norm given by

k(xn)nk1 = sup
n
kxnk :

De�nition 1.1.3 Let 1 � p <1. A sequence (xn)n in X is said to be weakly p-summable

if

1X
n=1

jx�(xn)j <1;

for every x� 2 BX� :

We denote by `wp (X) the Banach space of weakly p-summable sequences in X becomes a

Banach space when equipped with the norm given by

k(xn)nkwp = sup
( 1

(
X
n=1

jx�(xn)jp)
1
p : x� 2 BX�

)
:

2



1.2. Operator ideals

Remark 1.1.1 In the case p = 1. Then the space `w1(X) of weakly bounded sequences
coincide with the space `1(X) and

k(xn)nkw1 = k(xn)nk1 :

De�nition 1.1.4 A sequence (xn)n in X is said to be weakly null if

lim
n!1

jx�(xn)j = 0 ,

for every x� 2 X�:

We denote by cw0 (X) the Banach space of weakly null sequences in X is a closed subspace

of `1(X); therefore, it is a Banach space with the supremum norm of `1(X).

1.2 Operator ideals

In this section, we recall some basic facts and properties about operator ideals. We also

recall some of the classical examples.

Let X and Y be Banach spaces. It is well known that an operator T 2 L(X; Y ) is of
�nite rank if and only if there exist functionals x�1; :::::x

�
n 2 X�, and vectors y1; :::::yn 2 Y

such that

T (x) =
nX
k=1

x�k(x)yk; x 2 X:

The class of all Finite rank operator is denoted by F .
Following the standard tensor-product notation, for x� 2 X� and y 2 Y the operator

x 7�! x�(x)y, x 2 X; is denoted by x� 
 y. It is clear that x� 
 y is a rank one operator if
and only if x� 6= 0 and y 6= 0.
Therefore, T 2 F(X; Y ) if and only if T can be represented as a �nite sum of rank one

operators

T =

nX
k=1

x�k 
 yk:

De�nition 1.2.1 An operator ideal A is a subclass of L such that the components

A(X; Y ) := A \ L(X;Y );

satisfy the following conditions:
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1.2. Operator ideals

(i) A(X; Y ) is a linear subspaces of L(X; Y ) for all Banach spaces X and Y:

(ii) The subclass A contains all Finite rank operator.

(iii) The ideal property: if X, Y , Z, W are Banach spaces and R 2 L(X;Y ), T 2 A(Y; Z),
S 2 L(Z;W ), then STR 2 A(X;W ).

If k:kA : A !R+ satis�es

(i�) (A(X;Y ); k:kA) is a normed (Banach) spaces for all Banach spaces X and Y .

(ii�) kIdKkA = 1:

(iii�) If R 2 L(X; Y ), T 2 A(Y; Z), S 2 L(Z;W ), then

kSTRkA � kSk kTk kRk ;

then (A; k : kA) is called normed (Banach) operators ideal.
Examples

1. Approximable operators. An operator T 2 L(X; Y ) is called Approximable oper-
ators if there are Tn 2 F(X; Y ); with

lim
n
kT � Tnk = 0:

We denote by F(X; Y ) the ideal space of all approximable operators from X to Y:

2. Compact linear operators. A linear operator T 2 L(X; Y ) is compact if the image
of the unit ball BX of X into a relatively compact subset of Y .

In other words, T is compact if and only if for every norm bounded sequence fxng of
X, the sequence fT (xn)g has a norm convergent subsequence in Y:

We denote by K(X; Y ) the ideal space of compact operators from X to Y:

4



1.2. Operator ideals

De�nition 1.2.2 A map k : k: X ! R+ is a quasi-norm if the following conditions are

satis�ed:

(1) kxk = 0 () x = 0 .

(2) There exists k � 1 such that kx+ yk � k(kxk+ kyk) for x; y 2 X:

(3) k�xk = j�j kxk for x 2 X, � 2 K .

De�nition 1.2.3 Let 0 < s � 1: A quasi-norm is called an s-norm, if condition (2) is

replaced with the s-triangle inequality

kx+ yks � kxks + kyks x; y 2 X

Remark 1.2.1 A 1-norm is just a norm, and an s-norm is also a t-norm if 0 < t < s � 1:

Every quasi-norm is equivalent to an s-norm, where k = 2
1
s
�1: An s-norm induces a

metric topology on X that can be de�ned by

d(x; y) = kx� yks :

The space X is said to be s-Banach spaces if it is complete for this metric (see [14]).

De�nition 1.2.4 Let 0 < s � 1. An operator ideal A is called an s-Banach operator ideal

and denoted by (A; k : kA) if there exists a function k : kA: A !R+ called an s-norm, such
that:

1. All components A(X;Y ) = (A(X; Y ); k : kA) are s-Banach spaces.

2. kx� 
 ykA = kx�k kyk for all rank one operators x� 
 y:

3. If X,Y ,Z,W are Banach spaces and R 2 L(X; Y ); T 2 A(Y; Z), S 2 L(Z;W ), then

kSTRkA � kSk kTkA kRk :

For an operator ideal A there are several ways to produce new operator ideals.
(see [18])
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1.2. Operator ideals

� The components of Asur, the surjective hull of A are de�ned by

Asur(X; Y ) = fT 2 L(X; Y ) : TQX 2 A(`1(BX); Y )g :

Where The natural surjection QX : `1(BX)! X is de�ned as

QX((�x)x2BX ) =
X
x2BX

�xx; (�x)x2BX 2 `1(BX):

If (A; k : kA) are s-Banach spaces ideal, then Asur is also an s-Banach operator ideal
with

kTkAsur =k TQX kA;

for T 2 Asur(X; Y ):

� The components of Ainj, the injective hull of A are de�ned by

Ainj(X; Y ) = fT 2 L(X; Y ) : JY T 2 A(X; `1(BY �)g :

Where The natural embedding JY : Y ! `1(BY �) is de�ned as

JY (y) = (y
�(y))y�2BY � ; y 2 Y:

If (A; k : kA) are s-Banach spaces ideal, then Ainj is also an s-Banach operator ideal
with

kTkAinj =k JY T kA;

for T 2 Ainj(X; Y ):

� The components of Adul, the dual of A are de�ned by

Adul(X; Y ) = fT 2 L(X; Y ) : T � 2 A(Y �; X�)g :

If (A; k : kA) are s-Banach spaces ideal, then Adul is also an s-Banach operator ideal
with

kTkAdul = kT �kA ;

for T 2 Adul(X; Y ):

6



1.3. The ideal of (t; u; v)-nuclear operators

� The components of Areg, the regular hull of A are de�ned by

Areg(X; Y ) = fT 2 L(X; Y ) : JY T 2 A(X; Y ��)g :

If (A; k : kA) are s-Banach spaces ideal, then Areg is also an s-Banach operator ideal
with

kTkAreg = kJY TkA ;

for T 2 Areg(X; Y ):

Clearly A � Asur, A � Ainj:
If A = Asur, (respectively, A = Ainj) as (s-Banach) operator ideals, then A is said to be

a surjective (respectively, an injective) (s-Banach) operator ideal.

1.3 The ideal of (t; u; v)-nuclear operators

Let X, and Y be Banach space.

De�nition 1.3.1 [17, 18.1.1] Let 0 < t � 1; 1 � u; v � 1, and 1
u
+ 1

v
� 1 + 1

t
. An

operator T 2 L(X;Y ) is called (t; u; v)-nuclear if

T =
+1X
n=1

�nx
�
n 
 yn (1.3.1)

with (�n)n 2 `t, (x�n)n 2 `wv�(X�); and (yn)n 2 `wu�(Y ): In the case t =1, let us suppose that
(�n)n 2 c0:
The class of all (t; u; v)-nuclear operators is denoted by N(t;u;v):

We put

N(t;u;v)(T ) = kTkN (t;u;v) := inf k(�n)nkt k(x�n)nk
w
v� k(yn)nk

w
u�

where the in�mum is taken over all (t; u; v)-nuclear representations (3.2.4).

Theorem 1.3.1 [17, 18.1.2] Let

1

s
=
1

u�
+
1

v�
+
1

t
;

then (N(t;u;v); k : kN(t;u;v)) is an s-Banach operator ideal.

7



1.3. The ideal of (t; u; v)-nuclear operators

we now characterize (t; u; v)-nuclear operators by a factorization property.

Theorem 1.3.2 [17, 18.1.3] An operator T 2 L(X; Y ) is called (t; u; v)-nuclear if and only
if there exists a commutative diagram

X
T�! Y

A # " B
`v� �!

�
`u

such that� 2 L(`v� ; `u) is a diagonal operator of the form�(an)n = (an�n)n;with (�n)n 2
`t((�n)n 2 c0 when t =1), A 2 L(X; `v�); B 2 L(`u; Y ); and

kTkN(t;u;v) = inf kBk k(�n)nk kAk ;

where the in�mum is taken over the all possible factorizations.

Let 1 � p � 1, 1 � r � p�: For every x = (xn)n 2 `p(X) de�nes an operator

�x 2 L(`r; X) (see [4]) through the equality

�x(�) =
+1X
n=1

�nxn ; � = (�n)n 2 `r:

Let (en)n be the unit vector basis of `r� � (`r)� (c0 when r = 1), considered as coordinate
functionals for `r. Then we clearly have

�x =

+1X
n=1

en 
 xn.

Proposition 1.3.1 Let 1 � p � 1, 1 � r � p�. Let x = (xn)n 2 `p(X) ((xn)n 2 c0(X)
when p =1): Then the operator �x : `r ! X is approximable, i.e., �x 2 F(`r; X).

Proof. Let (xn)n�m := (x1; :::; xm; :::0; 0; :::), we have

�x =
+1X
n=1

en 
 xn:

Now, since 1 � r � p�;

8



1.3. The ideal of (t; u; v)-nuclear operators



�x � �(xn)n�m

 = sup
(�n)n2B`r





 1P
n=m+1

�nxn






� sup

(�n)n2B`r

1P
n=m+1

j�nj kxnk

�

sup
(�n)n2B`r

sup
n�m+1

j�nj
1P

n=m+1

kxnk if p = 1

sup
(�n)n2B`r

(
1P

n=m+1

j �n jp
�
)
1
p� (

1P
n=m+1

kxnkp)
1
p if 1 < p <1

sup
(�n)n2B`1

sup
n�m+1

kxnk
1P

n=m+1

j�nj if p =1

�

8>><>>:
� 1P
n=m+1

kxnkp
� 1

p

if 1 � p <1

sup
n�m+1

kxnk if p =1
!
m
0

Thus �x converges to �(xn)n�m in L(`r; X) as m!1: Then �x 2 F(`r; X):

Remark 1.3.1 Since F � K, we immediately get that �x 2 K(`r; X): for x = (xn)n 2
`p(X) ((xn)n 2 c0(X) when p =1).

Proposition 1.3.2 Let 1 � p � 1, 1 � r � p�. Let x = (xn)n 2 `p(X) ((xn)n 2 c0(X)
when p =1): Then the operator �x : `r ! X is (p; 1; r�)-nuclear, i.e.,

�x 2 N(p;1;r�);

and

k�xkN(p;1;r�) � kxkp :

Proof. For �x 2 K(`r; X) we have

�x =

+1X
n=1

en 
 xn:

Where (en)n be the unit vector basis of `r� � (`r)
� are considered as coordinate func-

tionals for `r. It is well known and easy to verify that (en)n 2 S`wr (`r� ): Therefore, from
kxnk en 
 (kxnk�1 xn) = en 
 xn it is clear that �x 2 N(p;1;r�) and

k�xkN(p;1;r�) � kxkp ;

as desired.
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1.3. The ideal of (t; u; v)-nuclear operators

We recall that the opertator �x is the injective associate of �x de�ned by

�x : Z := `r= ker�x ! X satisfy

�x = �xq;

where q : `r ! Z := `r= ker�x is the quotient mapping. Then we have the following

Proposition 1.3.3 [4, p.149] Let 1 � p � 1, 1 � r � p�. Let x = (xn)n 2 `p(X)

((xn)n 2 c0(X) when p =1): Then the operator

�x 2 N sur
(p;1;r�)(Z;X);

and 

�x

N sur
(p;1;r�)

� kxkp :

Proof. Let � > 0 be arbitrary. For every z 2 BZ choose �z 2 B`r with k�zk � 1+� such that
q(�z) = z: De�ne bQ : `1(BZ) ! `r by bQ((�z)z2BZ ) = P

z2BZ

�z�z: Then bQ 2 L(`1(BZ); `r);


 bQ


 � 1 + � and q bQ = Qz :

Therefore,

�xQz = �x bQ 2 N(p;1;r�)(`1(BZ); X);

meaning that �x 2 N sur
(p;1;r�)(Z;X). Moreover,



�x

N sur
(p;1;r�)

=



�x bQ




N(p;1;r�)

� k�xkN(p;1;r�)



 bQ




� (1 + �) k�xkN(p;1;r�)
� (1 + �) k(xn)nk :

Since this holds for every � > 0, we have


�x

N sur

(p;1;r�)
� k(xn)nk :

10



Chapter 2

The notion of (p; r)-compactness

In this chapter, we de�ne the class of (p; r)-compact operators and describe its structure as

an operator ideal. This chapter is mainly based on [4].

11



2.1. Relatively (p; r)-compact subsets

2.1 Relatively (p; r)-compact subsets

Let X be a Banach space.

De�nition 2.1.1 The convex hull of a sequence (xn)n 2 c0(X) is de�ned as

convf(xn)ng =
( 1X
n=1

�nxn : (�n)n 2 B`1

)

De�nition 2.1.2 Let 1 � p � 1. The p-convex hull of a sequence (xn)n 2 `p(X) is de�ned
as

p� convf(xn)ng =
( 1X
n=1

�nxn : (�n)n 2 B`p�

)
:

De�nition 2.1.3 Let 1 � p � 1, 1 � r � p�. The (p; r)-convex hull of a sequence

(xn)n 2 `p(X) is de�ned as

(p; r)� convf(xn)ng =
(
+1X
n=1

�nxn : (�n)n 2 B`r

)
:

If (xn)n 2 `1(X), then (1; 1)�convf(xn)ngis exactly absconvf(xn)ng, the closed ab-
solutely convex hull of (xn)n, when

absconvf(xn)ng =
(

mX
n=1

�nxn :
mX
n=1

j �n j� 1; m 2 N
)
:

Remark 2.1.1 Let 1 � p � 1, 1 � r � p�: We have

(p; r)� convf(xn)ng = �x(B`r): (2.1.1)

Theorem 2.1.1 [12](Grothendieck compactness principle). A subset K of X is rel-

atively compact if and only if there exists (xn)n 2 c0(X) such that K � convf(xn)ng, the
closed convex hull of the sequence (xn)n.

If we considerX to be a �nite-dimensional space, this theorem is equivalent to theHeine-

Borel, as in such spaces a closed subset of the closed convex hull of a norm null sequence

is precisely a closed and bounded subset.

12



2.1. Relatively (p; r)-compact subsets

Let p � 1: If on replaces the space c0(X) with `p(X) in the Grothendieck compactness
principle, then one obtains a stronger form of relative compactness is called relatively p-

compact in the sense of Bourgain Reinov see [19], [6].

Let 1 � p � 1, 1 � r � p�: In [21] another strong form of compactness was introduced by
Sinha and Karn through the requirement that K � p�convf(xn)ng for some (xn)n 2 `p(X).
In this case, we say that K is relatively p-compact in the sense of Sinha Karn.

In [4] they introduced the notion of relatively (p; r)-compact sets in the following way.

De�nition 2.1.4 Let 1 � p � 1, 1 � r � p�: A subset K of X is called relatively (p; r)-

compact if

K � (p; r)� convf(xn)ng;

for some (xn)n 2 `p(X)((xn)n 2 c0(X) when p =1):

Remark 2.1.2 We have

1. The (p; 1)-compactness is precisely the Bourgain Reinov p-compactness.

2. The (p; p�)-compactness is precisely the Sinha Karn p-compactness.

3. According to Grothendieck compactness principle, the (1; 1)-compactness coincides
with the compactness because (1; 1)� convf(xn)ng is precisely the closed absolutely
convex hull of (xn)n.

Remark 2.1.3 De�nition 2.1.4 means by (2.1.1) that a subset K of X is relatively (p; r)-

compact if and only if

K � �x(B`r);

for some x = (xn)n 2 `p(X):

In particular, �x(B`r) itself is relatively (p; r)-compact.

Theorem 2.1.2 Let 1 � p � q � 1, 1 � r � p�, and 1 � s � q�. Assume that

1

q
+
1

s
� 1

p
+
1

r
: (2.1.2)

If a subset of X is relatively (p; r)-compact, then it is relatively (q; s)-compact.

13



2.1. Relatively (p; r)-compact subsets

Proof. If q = 1. Then s = 1. We know that the (1; 1)-compactness coincides with the
usual compactness. Thus, we have to show that relatively (p; r)-compact sets are relatively

compact. For this it is su¢ cient to show that �x(B`r) is relatively compact. But the latter

immediately follows from the compactness of �x:

If 1 � p � q <1; and r � s; then the assertion in clear as `p(X) � `q(X) and B`r � B`s;
hence

�x(B`r) � �x(B`s)

for any x = (xn)n 2 `p(X).
Finally, let 1 � p � q <1; and s < r; then if (xn)n 2 `p(X), then

y = (yn)n := (c kxnk
p�q
q xn)n 2 `q(X)

where c := kxnk
q�p
q :

For a = (an)n 2 B`r, put
bn := c

�1 kxnk
q�p
q an

so that bnyn = anxn, n 2 N: We shall show that b = (bn)n 2 B`s.
Assume �rst that r < 1. Then r

s
> 1 and ( r

s
)� = r

r�s and we can apply Hölder�s

inequality to obtain

� 1P
n=1

j bn js
� 1

s

=

 1X
n=1

j c�1 kxnk
q�p
q an js

! 1
s

�

0@ 1X
n=1

j an jr
! s

r
 1X
n=1

j c
sr
s�r kxnk

q�p
q

sr
r�s j

! r�s
r

1A
1
s

�
 1X
n=1

j an jr
! 1

r
 1X
n=1

j c
sr
s�r kxnk

q�p
q

sr
r�s j

! r�s
sr

� c�1
�
k(xn)nk q�p

q
sr
r�s

� q�p
q

� c�1 k(xn)nk
q�p
q

p = 1

because, due to (2.1.2),

p � q � p
q

sr

r � s <1:
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2.2. The operators ideal of (p; r)-compact operators

If r =1, then p = 1. Hence by (2.1.2), s = q� and 1X
n=1

j bn js
! 1

s

=

 1X
n=1

j c�1 kxnk
q�1
q an jq

�

! 1
q�

� c�1

 1X
n=1

kxnk
q�1
q
q�

! 1
q�

� c�1

 1X
n=1

kxnk
! q�1

q

= c�1c = 1:

Since

�x(�) =
+1X
n=1

�nxn =

+1X
n=1

bnyn;

and (bn)n 2 B`s, we have
�x(B`r) � �y(B`s):

Showing that the (p; r)-compactness implies the (q; s)-compactness also in this case.

2.2 The operators ideal of (p; r)-compact operators

Let X; Y be Banach spaces. Let 1 � p � 1, 1 � r � p�:
The main objective of this section is to de�ne the class K(p;r) of (p; r)-compact operator

and describe its structure as an operator ideal. Following [21], denote the class of all p-

compact operators in the sense of Sinha-Karn by Kp. Properties of Kp were studied in [21,
15], and the references therein.

De�nition 2.2.1 Let 1 � p � 1, 1 � r � p�: A linear operator T : X ! Y is (p; r)-

compact if T (BX) is a relatively (p; r)-compact subset of Y .

Denote the class of all (p; r)-compact operators acting between arbitrary Banach spaces

by K(p;r).

Remark 2.2.1 It is clear that K(1;1) = K, K(p;p�) = Kp, and the class of p-compact opera-
tors in the sense of Bourgain Reinov is precisely K(p;1).

Remark 2.2.2 Let T : X ! Y be a linear operator. From (2.1.1) it is clear that T 2
K(p;r)(X;Y ) if and only if T (BX) � �y(B`r) for some y = (yn)n 2 `p(Y )((yn)n 2 c0 when
p =1).
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2.2. The operators ideal of (p; r)-compact operators

Proposition 2.2.1 Let 1 � p � 1, 1 � r � p�. The class of (p; r)-compact operators

K(p;r) is an operator ideal.

Proof. K(p;r)(X; Y ) is a linear subspace of L(X;Y ). Let S; T 2 K(p;r)(X;Y ) be such that�
S(BX) � �x(B`r)
T (BX) � �y(B`r)

for some x = (xn)n; y = (yn)n 2 `p(Y )((xn)n; (yn)n 2 c0(Y ) when p = 1), and let a 2 K:
Put

zn =

8<: 2
1
r ax (n+1)

2

if n is odd

2
1
r yn if n is even

It is easy to verify that then z = (zn)n 2 `p(Y )((zn)n 2 c0(Y ) when p =1);
and (aS + T )(BX) � �z(B`r), meaning that (aS + T )(BX) 2 K(p;r)(X; Y ):
This shows that K(p;r)(X; Y ) is a linear subspace of L(X; Y ).
The space K(p;r)(X; Y ) contains all rank one operators. We have, x� 
 y 2 K(p;r)(X; Y )

because

(x� 
 y)(BX) � �z(B`r)

for (zn)n with z1 =k x� k y, z2 = z3 = ::: = 0:
Let R 2 L(Z;X), T 2 K(p;r)(X; Y ), S 2 L(Y;W ), then

STR 2 K(p;r)(Z;W );

because

(STR)(Bz) � �w(B`r)

for w = (wn)n = (k R k S(yn))n:

Proposition 2.2.2 The operator ideal K(p;r) is surjective, i.e. K(p;r) = Ksur(p;r) .

Proof. Let T 2 Ksur(p;r)(X; Y ): Denote Z = `1(BX). Then TQX 2 K(p;r)(Z; Y ); (QX the

natural surjection QX : `1(BX) ! X is de�ned by QX(�x)x2BX =
P

x2BX

�xx; (�x)x2BX 2

`1(BX)); and there exists (yn)n 2 `p(Y )((yn)n 2 c0(Y ) when p =1), such that

(TQX)(BZ) � �y(B`r):

16



2.2. The operators ideal of (p; r)-compact operators

But BX � (QX)(BZ) because for x0 2 BX we have x0 = QX(�x);where

�x =

8<: 1 if x = x0

0 otherwise

Hence T (BX) � �y(B`r):

Corollary 2.2.1 Let 1 � p � q � 1, 1 � r � p�, and 1 � s � q�. Assume that

1

q
+
1

s
� 1

p
+
1

r

Then (p; r)-compact operators are also (q; s)-compact operators ,i.e.

(K(p;r); k : kK(p;r)) � (K(q;s); k : kK(q;s)):

In particular if 1 � p � q � 1; then

(K(p;1); k : kK(p;1)) � (K(q;1); k : kK(q;1)):

Let 1 � p � 1, 1 � r � p�: If T 2 K(p;r)(X; Y ). We have the natural factorization of T
as follows.

T = �yTy

with Ty 2 L(X;Z); and �y : Z ! Y is the injective associate of �y, where Z = `r= ker�y

Theorem 2.2.1 1 � p � 1, 1 � r � p�. Then K(p;r) = N sur
(p;1;r�).

Proof. Let T 2 K(p;r)(X; Y ). Since, by the natural factorization, T = �yTy and
�y 2 N sur

(p;1;r�)(Z; Y ); where Z = `r= ker�y (see Proposition 1.3.3); we have T 2 N sur
(p;1;r�)(X; Y ):

On the other hand, to see that N sur
(p;1;r�) � K(p;r); it su¢ ces to prove that N(p;1;r�) � K(p;r),

because K(p;r) is surjective (see Proposition 2.2.2), and Asur � Bsur whenever A � B.
Consider T 2 N(p;1;r�)(X; Y ): Then

T =
1X
n=1

�nx
�
n 
 yn

with (�n)n 2 `p ((�n)n 2 c0 when p = 1), (x�n)n 2 `wr (X�); and (yn)n 2 `1(Y ): We clearly
may assume that k(x�n)nk

w
r = 1: Indeed,

�nx
�
n 
 yn = �n

x�n
k(x�n)nk

w
r


 k(x�n)nk
w
r yn

17



2.2. The operators ideal of (p; r)-compact operators

and (k(x�n)nk
w
r yn)n 2 `1(Y ): Observe that (�nyn)n 2 `p(Y )((�nyn)n 2 c0(Y )) for p =1):

Together with the assumption k(x�n)nk
w
r = 1; we have

T (x) =

+1X
n=1

�nx
�
n(x)yn 2 �(�nyn)n(B`r)

for every x 2 BX . Thus we have shown that T 2 K(p;r)(X; Y ): Since K(p;r) = N sur
(p;1;r�):

The equality K(p;r) = N sur
(p;1;r�) of operator ideals from Theorem 2.2.1 allows us to equip

K(p;r) with an s-norm in the following natural.

De�nition 2.2.2 Let 1 � p � 1 and 1 � r � p�: De�ne

k : kK(p;r) :=k : kN sur
(p;1;r�)

:

Theorem 2.2.2 Let 1 � p � 1 and 1 � r � p�: Then (K(p;r); k : kK(p;r)) is an s-Banach
operator ideal, and K(p;r) = N sur

(p;1;r�) as s-Banach operator ideals, where s satis�es

1

s
=
1

p
+
1

r
:

Theorem 2.2.3 Let 1 � p � 1, 1 � r � p�, and T 2 K(p;r)(X; Y ). Then

kTkK(p;r) = inf kTyk kyk

= inf kyk

where the both in�mums are taken over all sequences y = (yn)n 2 `p(Y ) such that

T (BX) �
( 1X
n=1

�nyn : (�n)n 2 B`r

)

Proof. Let y = (yn)n 2 `p(Y )((yn)n 2 c0(Y ) when p =1), be such that T (BX) � �y(B`r):
We know that T = �yTy; kTyk � 1; by (Proposition 1.3.3 ) we have



�y

N sur
(p;1;r�)

� kyk
Hence,

kTkK(p;r) = kTkN sur
(p;1;r�)

� k �y kN sur
(p;1;r�)

k Ty k

� k Ty k kyk
� kyk :
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2.2. The operators ideal of (p; r)-compact operators

Consequently,

kTkK(p;r) � inf kyk :

On the other hand, from the factorization theorem of (t; u; v)-nuclear operators, we know

that the (p; 1; r�)-nuclear operator TQX factorizes as follows:

where � 2 L(`r; `1) is a diagonal operator of the form �(an)n = (an�n)n;with

(�n)n 2 `p((�n)n 2 c0 when p =1); A 2 L(Z; `r); B 2 L(`1; Y ); and

kTQXkN(p;1;r�) = inf kBk k(�n)nk kAk ;

where the in�mum is taken over the all possible factorizations.

Let � > 0: Choose A, (�n)n, and B as above so that

�+ kTkK(p;r) = �+ kTQXkN(p;1;r�)
� kBk k(�n)nk kAk = k(�n)nk

because we clearly may assume that kAk = kBk = 1: Since BX � QX(BZ)
we have

T (BX) � (B�A)(BZ) � (B�)(B`r) =
( 1X
n=1

�n�nB(en) : (�n)n 2 B`r

)
;

where (en)n is the unit vector basis of `r(c0 when r =1): Put

yn = �nB(en):

Then y = (yn)n 2 `p(Y )((yn)n 2 c0 when p =1); T (BX) � �y(B`r); and

kyk � k(�n)nk :
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2.3. Applications to some related operator ideals

Therefore,

kTkK(p;r) � inf kyk ;

this concludes the proof.

2.3 Applications to some related operator ideals

Theorem 2.3.1 Let X and Y be Banach spaces. Assume that 1 � p � 1, 1 � r � p�.

A linear operator T : X ! Y belongs to N sur
(p;1;r�) if and only if there exists y = (yn)n 2

`p(Y )((yn)n 2 c0(Y ) when p =1), such that

T (BX) �
( 1X
n=1

�nyn : (�n)n 2 B`r

)
:

In this case, the p
p+1
-norm of T is given by

kTkN sur
(p;1;r�)

= inf k y k;

where the in�mum is taken over all admissible sequences y = (yn)n.

Lemma 2.3.1 [17, 8.4.4] Let X,Y and Z be Banach spaces, and let A be an s-Banach

operator ideal. If kS(x)k � kT (x)k, x 2 X, for S 2 L(X; Y ) and T 2 A(X;Z), then
S 2 Ainj(X; Y ) with kSkAinj � kTkA.

Theorem 2.3.2 Let X and Y be Banach spaces. Assume that 1 � p � 1, 1 � r � p�. Let
T : X ! Y be a linear operator. Then the following statements are equivalent:

(a) T 2 N inj
(p;r�;1)(X; Y ):

(b) T 2 K dul
(p;r)(X;Y ):

(c) There exists (x�n)n 2 `p(X�)((x�n)n 2 c0(X�) when p =1) such that

k T (x) k�k (x�n(x))n kr� 8x 2 X: (2.3.1)
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2.3. Applications to some related operator ideals

Moreover, in this case, the pr
p+r
-norm of T is given by

kTkN inj
(p;r�;1)

= kTkK dul
(p;r)

= inf k (x�n)n kp

where the in�mum is taken over all (x�n)n 2 `p(X
�)((x�n)n 2 c0(X

�) when p = 1)
satisfying (2.3.1).

Proof. To simplify notation, we omit below the corresponding s-norms.

(a)=)(b). We know that N(p;r�;1) � N reg
(p;r�;1); the regular hull of N(p;r�;1); and by([17,

18.1.6]).

N reg
(p;r�;1) = N

dul
(p;1;r�)

Hence, recalling that Adul inj � Asur dul for any s-Banach operator ideal A (see [17,

8.5.9]). By Theorem 2.2.2 . we have

N inj
(p;r�;1) � N

dul inj
(p;1;r�) � N

sur dul
(p;1;r�) = N dul

(p;1;r�)

The above inclusion also means that

kTkK dul
(p;r)

� kTkN inj
(p;r�;1)

8T 2 N inj
(p;r�;1)

(b)=)(c). Let T 2 K dul
(p;r)(X; Y ): Then T

� 2 K(p;r)(Y �; X�): Hence (see Theorem 2.2.3),

for every � > 0, there exists (x�n)n 2 `p(X�) such that

T �(BY �) �
( 1X
n=1

�nx
�
n : (�n)n 2 B`r

)

and

k(x�n)nkp � kTkK dul
(p;r)

+ �:

For every x 2 X, we clearly have
kT (x)k = sup

ky�k�1
j(T �y�)(x)j � sup

� 1P
n=1

�nx
�
n(x) : (�n)n 2 B`r

�
= kx�n(x)kr� :

It follows that

inf k(x�n)nkp � kTkK dul
(p;r)

whenever the in�mum is taken over all (x�n)n 2 `p(X�) satisfying (2.3.1).

(c)=)(a). Following an idea from the proof of [17, 8.4.5], we de�ne an
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2.3. Applications to some related operator ideals

operator A 2 L(X; `r�) by A(x) = (x�n(x))n x 2 X. Clearly

A(x) =

+1X
n=1

x�n(x)en ; x 2 X:

Let (en)n be the unit vector basis of `r� � (`r)� (c0 when r = 1), considered as coordinate
functionals for `r. Then we clearly have

A =
+1X
n=1

x�n 
 en

and from

x�n 
 en = k(x�n)nk
x�n

k(x�n)nk

 en

we have that and (k(x�n)nk)n 2 `p: (respectively (k(x�n)nk)n 2 c0 when p =1), (kx�nk
�1 x�n)n 2

`1(X
�) = `w1(X

�); (en)n 2 `wr (`r�) � `wr (`
�
r) (respectively, (en)n 2 `w1 (c0) � `w1 (`1) when

r = 1) (cf. Proposition 1.3.2). Hence (see De�nition 1.3.1) A 2 N(p;r�;1)(X; `r�); and

kAkN(p;r�;1) � k(x
�
n)nkp :

Since kT (x)k = kA(x)k for all x 2 X, by Lemma 2.3.1, we immediately get that
T 2 N inj

(p;r�;1)(X; Y ) and

kTkN inj
(p;r�;1)

� kAkN(p;r�;1) � k(x
�
n)nkp :

This proves the theorem.

Corollary 2.3.1 Let 1 � p � 2. Then

K(p;2) = N(p;1;2);

and

K dul
(p;2) = N(p;2;1)

as 2p
2+p
-Banach operator ideals.
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Chapter 3

Lipschitz (p; r)-compact mappings

In this chapter, we extend the notion of some well-known forms of Lipschitz p-compact op-

erators which has been studied in [1] to Lipschitz (p; r)-compact operators. Also we transfer

some properties of the linear case into the Lipschitz case. Finally we de�ne the notions of

Lipschitz-free (p; r)-compact operators and Lipschitz locally (p; r)-compact operators.
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3.1. Notation and preliminaries

3.1 Notation and preliminaries

Let X and Y will be pointed metric spaces with a base point denoted by 0 and metric will

be denoted by d. Let E and F Banach spaces over the same �eld K .

We recall that a Banach space E will be considered as pointed metric spaces with dis-

tinguished point 0 and distance d(x; x0) = kx � x0k. The Lipschitz space Lip0(X;E) is the
Banach space of all Lipschitz mappings T from X to E that vanish at 0, under the Lipschitz

norm

Lip (T ) = inffC > 0: kT (x)� T (x0)k � Cd(x; x0); 8x; x0 2 Xg:

When E = K, Lip0(X;K) is denoted by X# and it is called the Lipschitz dual of X.

It is clear that L(E;F ) is a subspace of Lip0(E;F ) and, in particular, E� is a subspace
of E#. One of the main tools that we will use is the Lipschitz-free Banach space of a metric

space X, F(X) (also known as the Arens�Ells space). For x 2 X, denote by �x the function
�x : X

# �! K de�ned as

�x(f) = f(x); f 2 X#:

Then F(X) is the closed linear span of f�x; x 2 Xg in
�
X#
��
. In [10] or [11], it is proved

that F(R) is isometric to L1(R).
We summarize some basic properties concerning Lipschitz-free Banach spaces in the

following lemma. This can be found for instance in [15]. Will use it without further men-

tioning.

Lemma 3.1.1 Let X; Y be pointed metric spaces and E be a Banach space.

1. The dual space of F(X) is isometrically isomorphic to X# through the mapping

QX : X
# ! F(X)� given by

QX(f)(
) = 
(f); f 2 X#; 
 2 F(X):
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3.2. The composition ideal of Lipschitz (p; r)-compact operators

2. For any Lipschitz mapping T 2 Lip0(X; Y ) there exists a unique linear map bT :

F(X)! F(Y ) such that bT�X = �Y T . That is, the following diagram commutes

X
T�! Y

�x # # �y
F(X)

bT�! F(Y )

3. There exists a quotient map �E : F(E)! E such that �E � �E = IdE.

4. For any Lipschitz operator T 2 Lip0(X;E) there exists a unique linear map TL :

F(X) �! E such that T = TL � �X . That is, the following diagram commutes

X
T! E

�x # % TL

F(X):

Moreover kTLk = Lip(T ):
in particular, from (2) and (3) we can deduce (4) with TL = �E bT .
The map �E : F(E) ! E is called the barycenter map. For T 2 Lip0(X;E), we will

consider the Lipschitz adjoint (or dual) of T , de�ned by Sawashima [20]. That is, T# 2
L(E#; X#) is the linear operator given by

T#(g) = g � T

for all g 2 E#. The restriction of T# to E� is called the Lipschitz transpose map of T and
is denoted here by T t. Is clear that QX � T t = T �L, where T �L denotes the transpose map of
the linearization of T and also that bT � �QY = QX � T#.
We refer to the reader to Weaver�s book [22] for the basics of Lipschitz operators.

3.2 The composition ideal of Lipschitz (p; r)-compact

operators

Recall that, for T 2 Lip0(X;E), Jiménez�Vargas, Sepulcre and Villegas�Vallecillos de�ned
in [13] the Lipschitz image of T as

ImLip(T ) =

�
T (x)� T (y)
d(x; y)

: x; y 2 X; x 6= y
�
:
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3.2. The composition ideal of Lipschitz (p; r)-compact operators

Let 1 � p � 1; 1 � r � p�. In [16] Lassalle and all third author de�ned the measure of
the size of the p-compact set K as

mp(K;E) = inf
n
k(xn)nkp : K � p-conv f(xn)ng

o
:

and mp(K;E) =1 if K is not p-compact.

If one replaces the p-convex hull of a p-summable sequence by the (p; r)-convex hull then

we de�ne the measure of the size of the (p; r)-compact set K by

m(p;r)(K;E) = inf
n
k(xn)nkp : K � (p; r)-conv f(xn)ng

o
:

and m(p;r)(K;E) =1 if K is not (p; r)-compact. When the context K � E is understood,
we simply write m(p;r)(K) instead of m(p;r)(K;E), and we have the following equalities:

m(p;r)(K) = m(p;r)(K) = m(p;r)(�(K)); (3.2.1)

where �(K) denotes the absolutely convex hull of K, a relatively (p; r)-compact set.

If r = p� the measure of the size of the (p; p�)-compact is precisely the measure of the

size of the p-compact in other words

m(p;p�)(K;E) = mp(K;E):

Because the p-convf(xn)ng is precisely the (p; p�)-convf(xn)ng ; and m(1;1)(K;E) =

sup
x2K

kxk:
The space of all (p; r)-compact linear operators from E to F K(p;r)(E;F ) becomes a

Banach space if we endow it with the norm

kTkK(p;r) = K(p;r)(T ) = m(p;r)(T (BE)):

In [1] Achour, Dahia, and Turco de�ned the Lipschitz p-compact operators in the fol-

lowing way

Let X be a pointed metric space, E a Banach space and let 1 � p � 1; 1 � r � p�. A
Lipschitz operator T 2 Lip0(X;E) is Lipschitz p-compact if its Lipschitz image is relatively
p-compact. We denote by KLp (X;E) the set of all Lipschitz p-compact mappings from X to

E. Moreover, if T 2 KLp (X;E), then

kLp (T ) = mp(ImLip(T )):
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3.2. The composition ideal of Lipschitz (p; r)-compact operators

If p =1, then KL1(X;E) = Lip0K(X;E), the space of Lipschitz compact operators de�ned
and studied in [13].

We de�ne Lipschitz (p; r)-compact in an obvious way

De�nition 3.2.1 Let 1 � p � 1; 1 � r � p�. A Lipschitz operator T 2 Lip0(X;E) is
Lipschitz (p; r)-compact if its Lipschitz image is relatively (p; r)-compact.

We denote by KL(p;r)(X;E) the set of all Lipschitz (p; r)-compact mappings from X to E.

Moreover, if T 2 KL(p;r)(X;E), then we set

kL(p;r)(T ) = m(p;r)(ImLip(T )):

For the extremal cases, it is clear that KL(1;1)(X;E) = KL1(X;E) = Lip0K(X;E), the space
of Lipschitz compact operators de�ned and studied in [13]. And KL(p;p�)(X;E) = KLp (X;E)
the space of Lipschitz compact operators de�ned and studied in [1]

Remark 3.2.1 The Lipschitz (p; r)-compact operators can be seen as an extension of the

linear (p; r)-compact operators. Indeed, for E and F Banach spaces, for any linear operator

T : E ! F we have that the absolutely convex hull of ImLip(T ) coincides with T (BE). Then,

since a set is (p; r)-compact if and only if its absolutely convex hull is also (p; r)-compact

with the same measure.

We extend the results obtained in [1] of KLp the class of Lipschitz p-compact operator to
the more general case of KL(p;r) the class of Lipschitz (p; r)-compact operator.

Proposition 3.2.1 Let E and F be Banach spaces, and 1 � p � 1, 1 � r � p�. Then a
linear operator T 2 L(E;F ) is (p; r)-compact if and only if it is Lipschitz (p; r)-compact.
Moreover, we have

kL(p;r)(T ) = k(p;r)(T ):

From Theorem 2.1.2 we immediately get the following inclusion results.

Proposition 3.2.2 Let X be a pointed metric and E be a Banach space. Let 1 � p � q �
1, 1 � r � p�, and 1 � s � q�: Assume that

1

q
+
1

s
� 1

p
+
1

r
:

27



3.2. The composition ideal of Lipschitz (p; r)-compact operators

Then the Lipschitz (p; r)-compact operators are Lipschitz (q; s)-compact operators, and

kL(q;s)(T ) � kL(p;r)(T );

for any T 2 KL(p;r)(X;E).
In particular, the Lipschitz (p; 1)-compact operators are Lipschitz (q; 1) compact.

Theorem 3.2.1 Let X be a pointed metric space, E a Banach space and let 1 � p � 1
and 1 � r � p�. An operator T 2 Lip0(X;E) is Lipschitz (p; r)-compact if and only if its
linearization TL : F(X)! E is linear (p; r)-compact. Moreover, we have

kL(p;r)(T ) = k(p;r)(TL): (3.2.2)

Proof. In the proof of [13, Proposition 2.1] it is shown that, for T 2 Lip0(X;E),

ImLip(T ) � TL(BF(X)) � � (ImLip(T )) : (3.2.3)

Then, by (3.2.1) we get that

m(p;r)(ImLip(T )) = m(p;r)(TL(BF(X))) = m(p;r)(� (ImLip(T )));

and the result follows.

Let 0 < s � 1: The notion of (s-Banach) Lipschitz operator ideal was introduced by

Cabrera-Padilla ,Chàvez-Domínguez, Jiménez-Vargas and Villegas-Vallecillos [8]. This can

be seen as an extension of the linear (s-Banach) operator ideal.

De�nition 3.2.2 A Lipschitz operator ideal ILip is a subclass of Lip0 such that for every
pointed metric space X and every Banach space E the components

ILip(X;E) := Lip0(X;E) \ ILip

satisfy

(i) ILip(X;E) is a linear subspace of Lip0(X;E).

(ii) vg 2 ILip(X;E) for v 2 E and g 2 X#.
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3.2. The composition ideal of Lipschitz (p; r)-compact operators

(iii) The ideal property: if S 2 Lip0(Y;X), T 2 ILip(X;E) and w 2 L(E;F ), then the
composition wTS is in ILip(Y; F ).

A Lipschitz operator ideal ILip is a s-normed (s-Banach) Lipschitz operator ideal if there
is k:kILip : ILip �! [0;+1[ that satis�es

(i�) For every pointed metric spaceX and every Banach spaceE, the pair (ILip(X;E); k:kILip)
is a s-normed (s-Banach) space and Lip(T ) � kTkILip for all T 2 ILip(X;E).

(ii�) kIdK : K �! K; IdK(�) = �kILip = 1.

(iii�) If S 2 Lip0(Y;X), T 2 ILip(X;E) and w 2 L(E;F ); then

kwTSkILip � Lip(S) kTkILip kwk :

Clearly, the generic Lipschitz operator 1-Banach ideal is precisely the Lipschitz operator

Banach ideal introduced in [3].

Following [3, De�nition 3.1], there is a way to construct a (s-Banach) Lipschitz oper-

ator ideal from a (s-Banach) linear operator ideal, called composition method. Let A be

a (s-Banach) linear operator ideal. A Lipschitz mapping T 2 Lip0(X;E) belongs to the
composition Lipschitz ideal A � Lip0 if there exists a Banach space F; a Lipschitz operator
S 2 Lip0(X;F ) and a linear operator u 2 A(F;E) such that T = uS. If (A; k:kA) is a
s-Banach operator ideal we write

kTkA�Lip0 = inf kukA Lip(S);

where the in�mum is taken over all u and S as above.

In [3], the authors establish a criterion to decide whenever a Lipschitz operator ideal is

of composition or not.

Proposition 3.2.3 [3, Proposition 3.2] Let X be a pointed metric space, E a Banach space

and A an (s-Banach) operator ideal. A Lipschitz operator T 2 Lip0(X;E) belongs to A �
Lip0(X;E) if and only if its linearization TL belongs to A(F(X); E):
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3.2. The composition ideal of Lipschitz (p; r)-compact operators

Furthermore, if (A; k�kA) is a s-Banach operator ideal then (A � Lip0; k�kA�Lip0) is s-
Banach Lipschitz operator ideal with

kTkA�Lip0 = kTLkA :

By Theorem 3.2.1 and the above criterion, we have the following.

Proposition 3.2.4 Let 1
s
= 1

p
+ 1

r
: The class KL(p;r) is the s-Banach Lipschitz operator ideal

generated by the composition method from the Banach operator ideal K(p;r). In other words

KL(p;r)(X;E) = K(p;r) � Lip0(X;E) isometrically;

for every X pointed metric space and E a Banach space.

Let ILip be a Lipschitz operator ideal. We recall that a Lipschitz operator T 2 Lip0(X; Y )
belongs to the injective hull of ILip if there exists a pointed metric space Z; and a Lispchitz
operator S 2 Lip0(X;Z) such that

d(T (x); T (x0)) � d(S(x); S(x0))

for all x; x0 2 X.
We denote by I injLip(X; Y ). The class of all operators from X to Y which belongs to the

injective hull of ILip (see [2]).

Proposition 3.2.5 [2, Proposition 2.1]Let A be a (s-Banach) linear operator ideal. Then

(A�Lip0)inj = A
inj�Lip0:

In particular, if ILip is a (s-Banach) Lipschitz operator ideal of composition type, then
it is also I injLip:

Proof. Fix X and E and take T 2 (A�Lip0)inj(X;E): Consider the following diagram
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3.2. The composition ideal of Lipschitz (p; r)-compact operators

Note that, since �E : E ! `1(BE�) is a linear operator, the uniqueness of the lin-

earization maps gives that (�ET )L = �ETL 2 A(Æ(X); `1(BE�)): Then, we have that
T 2 (A�Lip0)inj(X;E) if and only if �ET 2 (A�Lip0)(X; `1(BE�)) if and only if (�ET )L 2
A(Æ(X); `1(BE�)): This is equivalent to the fact that operator �ETL belongs to the ideal
A, or, in other words, to TL 2 Ainj(Æ(X); E). But this last is, by de�nition the same to
T 2 Ainj�Lip0(X;E). The isometry follows in the same way.
Let 0 < s � 1. The Lipschitz dual of an (s-Banach)operator ideal A is de�ned as follows.

ALip�dul(X;E) =
�
T 2 Lip0(X;E) : T t 2 A(E�; X#)

	
;

for a pointed metric space X and a Banach space E.

If (A; k�kA) is a s-normed (s-Banach) operator ideal, we de�ne

kTkALip�dul =


T t

A :

Then (ALip�dul; k:kALip�dul) becomes a s-normed (s-Banach) Lipschitz ideal (see [3, De�niti-
ion 3.8]).

To introduce the Lipschitz dual of (p; r)-compact operators we introduce the most im-

portant results obtained in [5] for the strongly Lipschitz (p; r; s)-nuclear operators.

Let (fj)j be a sequence in X#. We say that (fj)j is Lipschitz-!�-p-summable if there is

a constant C such that for all n 2 N and for all x; x0 2 X we have


(fj(x)� fj(x0))nj=1


 � cd(x; x0):
The smallest such constant C will be denoted by !L;!

�

s� ((fj)j); and l
L;!�

s� (X#) the set of

all Lipschitz-!�-p-summable sequences in X#.

De�nition 3.2.3 Suppose that, 1
s
+ 1

r
� 1 + 1

p
and T 2 Lip0(X;E). We say that

T : X �! E is called strongly Lipschitz (p; r; s)-nuclear if T can be written in the form

T =
X
j

�jfj 
 vj (3.2.4)

with (�j)j 2 `p((�j)j 2 c0 when p =1); (fj)j 2 lL;!
�

s� (X#); and (vj)j 2 l!r�(E):
The set of all strongly Lipschitz (p; r; s)-nuclear operators is denoted by SN L

(p;r;s):
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3.2. The composition ideal of Lipschitz (p; r)-compact operators

We put

sNL
(p;r;s)(T ) := inf k(�j)jkp !

L;!�

s� ((fj)j) k(vj)jkwu�

where the in�mum is taken over all strongly Lipschitz (p; r; s)-nuclear representations (3.2.4).

Theorem 3.2.2 [5] Let 1
�
:= 1

p
+ 1

s� +
1
r� � 1: Then (SN

L
(p;r;s); sN

L
(p;r;s)(:)) is the �-Banach

Lipschitz operator ideal, generated by the composition method from the Banach operator

ideal N(p;r;s). In other words

SN L
(p;r;s)(X;E) = N(p;r;s) � Lip0(X;E) isometrically:

For every X pointed metric space and E a separable Banach space.

Proposition 3.2.6 Let X be a metric space, and E separable Banach space. Assume that

1 � p � 1, 1 � r � p�. Let T 2 Lip0(X;E). Then the following statements are equivalent:

(a) T 2 (SN L
(p;r�;1))

inj(X;E):

(b) T 2 KL�dul(p;r) (X;E):

Proof. Let T 2 (SN L
(p;r�;1))

inj(X;E): By Proposition 3.2.5 we have

(SN L
(p;r�;1))

inj(X;E) = (N(p;r�;1))
inj � Lip0(X;E)

Then , T 2 (N(p;r�;1))
inj�Lip0(X;E) if and only if its linearization TL 2 (N(p;r�;1))

inj(F(X); E)(see
Proposition 3.2.3). By Theorem 2.3.2 this is equivalent to that TL 2 Kdul(p;r)(F(X); E), then
T �L 2 K(p;r)(E�;F(X)�): On the other hands, we have the equality T �L = QX � T t; where
QX : X# ! F(X)� is the canonical isometric isomorphism, and T t : E� �! X# the

Lipschitz transpose map of T . Then

T t = Q�1X � T �L 2 K(p;r)(E�; X#):

The result follows.
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3.3. Lipschitz-free and locally (p; r)-compact mappings

3.3 Lipschitz-free and locally (p; r)-compact mappings

This section is devoted to another two classes of Lipschitz mappings related with (p; r)-

compact sets. The �rst class we discuss is motivated by notion of Lipschitz-free p-compact

operators, recently introduced by Cabrera�Padilla and Jiménez�Vargas in [7]. And Note

that, in particular, this class can be de�ned for Lipschitz operators between metric spaces.

De�nition 3.3.1 Let X and Y be pointed metric spaces and 1 � p � 1; 1 � r � p�.

A Lipschitz operator T 2 Lip0(X; Y ) is called Lipschitz-free (p; r)-compact if the mapping
�Y � T : X ! F(Y ) is a Lipschitz (p; r)-compact operator. The set of all Lipschitz-free
(p; r)-compact operators between X and Y will be denoted by FKL(p;r)(X; Y ).

For the extremal cases, the Lipschitz-free (1; 1)-compact mappings coincide with the
Lipschitz-free compact operators of Cabrera�Padilla and Jiménez�Vargas, and the Lipschitz-

free (p; p�)-compact mappings coincide with the Lipschitz-free p-compact de�ned in [1].
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3.3. Lipschitz-free and locally (p; r)-compact mappings

Theorem 3.3.1 Let X and Y be pointed metric spaces and T 2 Lip0(X; Y ). For 1 � p �
1; 1 � r � p�, the following are equivalent

1. T is Lipschitz-free (p; r)-compact.

2. The operator bT : F(X)! F(Y ) is (p; r)-compact.

Proof. Applying Theorem 3.2.1, we get that T is Lipschitz-free (p; r)-compact if and only

if (�Y � T )L : F(X) ! F(Y ) is a (p; r)-compact operator. Then, the equivalence between
(1) and (2) follows by noticing that the operator (�Y � T )L coincides with the operator bT .
The other class that we will deal in this section is the class of Lipschitz locally (p; r)-

compact operators, whose de�nition arise in a natural way.

De�nition 3.3.2 Let X be a pointed metric space, E a Banach space and let 1 � p � 1;
1 � r � p�. A Lipschitz operator T 2 Lip0(X;E) is called Lipschitz locally (p; r)-compact at
x0 2 X if there exists " > 0 such that T (B"(x0)) is a relatively (p; r)-compact set in E. The

operator T is said to be Lipschitz locally (p; r)-compact if it is locally (p; r)-compact at x0

for every x0 2 X. We denote by KLoc(p;r)(X;E) the set of all locally Lipschitz (p; r)-compact

operators.

Remark 3.3.1 We have that a linear operator between Banach spaces is (p; r)-compact if

and only if maps bounded sets into relatively (p; r)-compact sets. Then, every linear operator

is (p; r)-compact if and only if is Lipschitz locally (p; r)-compact.

Remark 3.3.2 Since every relatively (p; r)-compact set is (q; r)-compact whenever 1 � p �
q � 1, 1 � r � p�, and 1 � s � q�: We assume that

1

q
+
1

s
� 1

p
+
1

r
;

then we have that FKL(p;r) � FKL(q;s) and KLoc(p;r) � KLoc(q;s).

In particular, FKL(p;1) � FKL(q;1) and KLoc(p;1) � KLoc(q;1).

The next result describes the relationship between the three classes of Lipschitz operators

that we introduced.
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3.3. Lipschitz-free and locally (p; r)-compact mappings

Proposition 3.3.1 Let 1 � p � 1, 1 � r � p�. Then

FKL(p;r) � KL(p;r) � KLoc(p;r)

Proof. Fix a pointed metric space X and a Banach space E and take T 2 FKL(p;r)(X;E).
Then �E �T is a Lipschitz (p; r)-compact operator. That is, the Lipschitz image of �E �T is
a relatively (p; r)-compact set in F(E). As in the proof of [7, Proposition 2.2], we have the
equality ImLip(T ) = �E(ImLip(�E � T )), where �E is the barycenter map. Thus ImLip(T )

is a relatively (p; r)-compact set in E and, in particular, T is a Lipschitz (p; r)-compact

operator. Then, we showed that FKL(p;r) � KL(p;r).
For the other inclusion, if S 2 KL(p;r)(X;E), then its linearization is a (p; r)-compact

operator. Then, for any x 2 X and any � > 0, we have T (B�(x)) = TL(�X(B�(x))). Since

�X(B�(x)) is a bounded set of F(X), we conclude that T (B�(x)) is a (p; r)-compact set.
Thus KL(p;r) � KLoc(p;r).

Theorem 3.3.2 (The strong ideal property) Let 1 � p � 1, 1 � r � p�. For all pointed
metric spaces X; Y; Z;W; if R 2 Lip0(X; Y ); T 2 FKL(p;r)(Y; Z) and S 2 Lip0(Z;W ) then
S � T �R 2 FKL(p;r)(X;W ).

Proof. We have to prove that \S � T �R : F(X) ! F(W ) is a (p; r)-compact operator. It
is straightforward to check that \S � T �R = bS � bT � bR. The result follows since bT : F(Y )!
F(Z) is a (p; r)-compact linear operator.
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الملخص
)-متراصة و p , r في هذا العمل سنهتم بدراسة مفهوم مجموعات متراصة نسبيا , و دراسة فضاء المؤثرات (
)-متراص و نبين أنه يمكن إعتباره إمتدادا p , r وصف هيكله باعتباره مثالى, كما نقدم مفهوم مؤثر ليبشيتز (

طبيعيا للحالة الخطية ونحول بعض الخصائص الحالة الخطية إلى الحالة اليبشيتزية

)-متراص ,   مؤثر  p , r الكلمات المفتاحية. مؤثر متراص , مجموعة متراصة نسبيا , مثالي المؤثر, مؤثر (
 ليبشيتز p-متراص

Résumé
       Dans ce travail on s'intéresse par la notion des ensembles relativement 
compacts. Nous allons ètudier la classe des operateurs ( p , r )-compact et dècrire sa
structure comme un idèal.  Nous introduisons aussi le concept des operateurs 
Lipschitz ( p , r )-compact, on montrera que cela peut  être vu comme une extension
naturelle du cas linéaire et on transférera certaines propriétés du cas linéaire au cas 
Lipschitzien.

Key-words. Compact operators, ( p ,r )-compact operators, Ideal operators, 
Lipschitz p-compact operators, Relatively ( p ,r )-compact subsets.

Abstract
    In this work we will interest by the notion of relatively compact sets, we go on to 
study the space of ( p ,r )-compact operators and describe its structure as an operator
ideal. We introduce the concept of  Lipschitz ( p ,r )-compact operators. We show 
that can be seen as a natural extension of the linear case and we transfer some 
properties of the linear case into the Lipschitz setting.

Mots-clés. Ensemble relativement compact , Opérateurs compacts, Operateurs
( p ,r )-compact, Opérateurs Idéal, Operateurs Lipschitzien p-compact.


