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Notations

Notations

»
K
L(X,Y)
K(X,Y)
K,(X,Y)
F(X,Y)
F(X,Y)
Sx

Bx

X+

¢, (Bx)
loo(Bx~)
Qx

Jx

conv{(x,), }
absconv{(z, ), }
p-conv{(z,)n}
B.(xp)

Lipy (X, E)

Lipy (X, E)
F(X)
E(X)

Ty

T#

T

Tt

The conjugate index of p (i.e.,% + ]% =1).

The field of real or complex numbers.

The space of all bounded linear operators from X to Y.

The space of all compact operator from X to Y.

The space of all p-compact operator from X to Y.

The space of all finite-rank operators from X to Y.

The space of approximable operators from X to Y.

The unit sphere of X.

The unit ball of.

The topological dual of X.

The Banach spaces of all absolutely summable scalar families (\,) where x € Byx.
The Banach spaces of all bounded scalar families (\,«) where z* € Bx-.

The natural surjection Qx : 1(Bx) — X is defined as Qx(Ay)zeny = Y. At

zEB x

The natural embedding Jx : X — (o (Bx~) is defined as Jx(z) = (*())+eBy. -
The convex hull of a sequence ().

the closed absolutely convex hull of (z,,),.

The p-convex hull of a sequence (x,,),.

The open ball centered at z,with radius €.

The space of all Lipschitz mappings T" from X to E that vanish at 0.
The Lipschitz dual of the pointed metric spaces X.

The space of Lipschitz compact operators.

The Lipschitz-free space of a metric space X.

The Arens-Ells space.

The linearization of the Lipschitz operator.

The Lipschitz adjoint (or dual) of 7.

The adjoint linear operator of T.

The Lipschitz transpose map of 7.



Introduction

In 1955, Grothendieck [12] described relatively compact subsets of a Banach space as sets
contained in the closed convex hull of a norm null sequence. Nowadays this result is called
the Grothendieck compactness principle. If one replaces null sequence with the p-summable
sequences in the Grothendieck compactness principle, for some fixed real number p > 1,
then one obtains a stronger form of relative compactness. This form of compactness was
occasionally considered in 1980 by Reinov [19] and Bourgain and Reinov [6]. In this case,
we say that K is relatively p-compact in the sense of Bourgain Reinov. In 2002 Sinha and
Karn defined and studied in [21] another form of relative compactness, which lays between
the aforementioned types of relative compactness. They required the set to belong to the
so-called p-convex hull of a p-summable sequence. This type of sets are called in the present
work relatively p-compact sets in the sense of Sinha Karn. Recently, Achour, Dahia, and
Turco they extended the notion of p-compact operators in the sense of Sinha Karn which
has been studied in [21] to Lipschitz p-compact operators [1].

In [4], Ain, Lillemets, and Oja they defined (p, r)-compact operators in an obvious way:
a linear operator T': X — Y is (p, r)-compact if T'(Bx) is a relatively (p, r)-compact subset
of Y. The purpose of this work is to study the class of (p, r)-compact operators, and describe
its structure as an operator ideal. We also introduce the Lipschitz (p, r)-compact operators.
Certain results and properties of this new class will be obtained.

This memoire has been organized as follows. In the first Chapter is an overview of notions
and basic concepts and results needed in the following chapters. These include vector-valued
sequence spaces, also operator ideals and we describe the ideal of (¢, u, v)-nuclear operators.
In the second Chapter We start by the notion of relatively (p, r)-compact sets, and we define

the operator ideal K,y of all (p, r)-compact operators as an operator ideal. We prove that

i



Introduction

K is a surjective operator ideal (see proposition 2.2.2). Also, we prove that K, ,) equal
to ./\/'(S“T -y, the surjective hull of (p, 1, 7*)-nuclear operators (see Theorem 2.2.1). We equip

p,1,r
K (p,ry with the corresponding s-norm from Af(i:ir*) and we present the relationship between
Ky and some operator ideals.

In the last Chapter we study the Lipschitz operators between pointed metric spaces
and Banach spaces which are determined by (p,r)-compact sets. For this, we introduce
three different notions of Lipschitz operators related with (p, r)-compact sets: the Lipschitz

(p, r)-compact operators, the Lipschitz free-(p, r)-compact operators, and the locally (p,r)-

compact Lipschitz operators.

iii



Chapter 1

Preliminaries

In this chapter we recall some basic information and concepts used in the following chapter.
Need the space of p-summable sequences, based on the book [9] by Diestel, Jarchow, and
Tonge, also operator ideals with some ways to construct new operator ideals. We refer to

Pietsch’s monographs [17], [18] for the theory of operator ideals. Some preliminaries are

also due to [4].



1.1. p-summable sequences

1.1 p-summable sequences

In this work the space of absolutely and weakly p-summable sequences are necessary. We
introduce them in this section. Let X be a Banach space over K, and 1 < p < oo. We start

by The classical Banach sequence space /,,, {, and cy are defined by

6 = LK) = {(azmn CK: [l@a)all, = (3 leal)? < oo}

n=1

b = () ={ (200 € K [l =50 ] < o0

0 = oK) ={(z), CK: lim || = 0}

Definition 1.1.1 Let 1 < p < co. The space £,(X) of absolutely p-summable sequences in

X becomes a Banach space when equipped with the norm given by

I@a)ull, = O llzal?)?.

Definition 1.1.2 The space (o (X) of bounded sequences in X, and the space co(X) of

norm null sequences in X, are Banach spaces with the norm given by

[(Zn)nlloo = sup [lza] -
Definition 1.1.3 Let 1 < p < 0o. A sequence (x,), in X is said to be weakly p-summable

if

[e%S)
Dl (@a)] < o0,
n=1

for every x* € Bx-x.
We denote by £;)(X) the Banach space of weakly p-summable sequences in X becomes a

Banach space when equipped with the norm given by

I@n)ally = sup {(Z 2 (@)")? o € BX*} .



1.2. Operator ideals

Remark 1.1.1 In the case p = co. Then the space (X (X) of weakly bounded sequences
coincide with the space (X)) and

Definition 1.1.4 A sequence (x,), in X is said to be weakly null if

lim |z*(x,)| =0,

for every x* € X*.
We denote by ¢ (X) the Banach space of weakly null sequences in X is a closed subspace

of b (X), therefore, it is a Banach space with the supremum norm of . (X).

1.2 Operator ideals

In this section, we recall some basic facts and properties about operator ideals. We also
recall some of the classical examples.

Let X and Y be Banach spaces. It is well known that an operator 7" € L(X,Y) is of
finite rank if and only if there exist functionals z7,.....x} € X* and vectors yq,....y, € Y

such that

T(x) = Y i) w € X.
k=1
The class of all Finite rank operator is denoted by F.

Following the standard tensor-product notation, for x* € X* and y € Y the operator
x — x*(x)y, v € X, is denoted by z* ® y. It is clear that z* ® y is a rank one operator if
and only if 2* # 0 and y # 0.

Therefore, T € F(X,Y) if and only if T' can be represented as a finite sum of rank one

operators
T = Z:cz ® Y-
k=1
Definition 1.2.1 An operator ideal A is a subclass of L such that the components
AX)Y) = AN L(X,Y),

satisfy the following conditions:



1.2. Operator ideals

(1) A(X,Y) is a linear subspaces of £(X,Y) for all Banach spaces X and Y.
(ii) The subclass A contains all Finite rank operator.

(iii) The ideal property: if X, Y, Z, W are Banach spaces and R € L(X,Y), T € A(Y, Z),
S € L(Z,W), then STR € A(X,W).

If [|.|| 4 : A =R, satisfies
(i’) (A(X,Y),|l.]| 4) is a normed (Banach) spaces for all Banach spaces X and Y.
(i) [[Idk| 4 = 1.
(iii") If R € £(X,Y), T € A(Y, Z), S € L(Z, W), then

ISTRI 4 < [ISINTI IR,

then (A, || . ||4) is called normed (Banach) operators ideal.

Examples

1. Approximable operators. An operator 7' € L(X,Y) is called Approximable oper-
ators if there are T,, € F(X,Y), with

lim || T — T,]|| = 0.
We denote by F(X,Y) the ideal space of all approximable operators from X to Y.

2. Compact linear operators. A linear operator T' € £(X,Y") is compact if the image

of the unit ball Bx of X into a relatively compact subset of Y.

In other words, T is compact if and only if for every norm bounded sequence {z,} of

X, the sequence {T'(z,)} has a norm convergent subsequence in Y.

We denote by K(X,Y) the ideal space of compact operators from X to Y.



1.2. Operator ideals

Definition 1.2.2 A map || . ||: X — R, is a quasi-norm if the following conditions are

satisfied:
(1) [|z] =0 <= 2x=0.
(2) There exists £ > 1 such that ||z + y|| < k(||z|| + [|y]|) for z, y € X.

(3) Azl = A || forz € X, N €K .

Definition 1.2.3 Let 0 < s < 1. A quasi-norm is called an s-norm, if condition (2) is

replaced with the s-triangle inequality

lz+yl” <zl + llylI* =, ye X
Remark 1.2.1 A 1-norm is just a norm, and an s-norm is also a t-norm if 0 <t < s < 1.

: : : 1 :
Every quasi-norm is equivalent to an s-norm, where & = 257!, An s-norm induces a

metric topology on X that can be defined by
d(z,y) = [lz —ylI"-
The space X is said to be s-Banach spaces if it is complete for this metric (see [14]).

Definition 1.2.4 Let 0 < s < 1. An operator ideal A is called an s-Banach operator ideal
and denoted by (A, || . ||4) if there ezists a function || . || 4: A =R, called an s-norm, such

that:

1. All components A(X,Y) = (A(X,Y),] . ||l4) are s-Banach spaces.
2. |lz* @yl 4 = [l=*|| ||| for all rank one operators x* @ y.

3. If X,)Y,Z,W are Banach spaces and R € L(X,Y), T € A(Y,Z), S € L(Z,W), then

ISTR] 4 < ISIHIT] 4 1B -

For an operator ideal A there are several ways to produce new operator ideals.

(see [18])



1.2. Operator ideals

e The components of A", the surjective hull of A are defined by
ASUT(X, Y) = {T S E(X, Y) TQx € .A(El(Bx),Y)} .
Where The natural surjection Qx : ¢1(Byx) — X is defined as

QX(()\I)CCEBX) = Z >‘x£> ()‘x)xeBX € gl(BX)

seBy
If (A,] . ||4) are s-Banach spaces ideal, then A*"" is also an s-Banach operator ideal
with

17

Asur :H TQX H.A?

for T'e A*"(X,Y).
e The components of A", the injective hull of A are defined by
AM(X)Y)={T € L(X,Y): yT € A(X,ls(By-)}.
Where The natural embedding Jy : Y — (o (By~) is defined as

Jy(y) = W (Y))yeBy,y €Y.

If (A, | . |la) are s-Banach spaces ideal, then A™ is also an s-Banach operator ideal
with
1T

aimi = Iy T || 4,

for T € A™(X,Y).
e The components of A%, the dual of A are defined by
AM(X Y)={T € L(X,Y): T* € A(Y*,X*)}.

If (A, | . ||4) are s-Banach spaces ideal, then A% is also an s-Banach operator ideal
with
T[] e = T 4

for T € A™(X,Y).



1.3. The ideal of (t,u,v)-nuclear operators

e The components of A", the regular hull of A are defined by
A9X,)Y)={T € L(X,Y): Iy/T € A(X,Y™)}.

If (A, || . ||l4) are s-Banach spaces ideal, then 4™ is also an s-Banach operator ideal
with
HT”Areg = H‘]YTHA?

for T'e A™9(X,Y).

Clearly A C A*“", A C A™.
If A= A*" (respectively, A = A™) as (s-Banach) operator ideals, then A is said to be

a surjective (respectively, an injective) (s-Banach) operator ideal.

1.3 The ideal of (¢, u,v)-nuclear operators
Let X, and Y be Banach space.

Definition 1.3.1 [17, 18.1.1] Let 0 <t < 00, 1 < w, v < o0, and 2 + 1 < 1+1. An
operator T € L(X,Y) is called (t,u,v)-nuclear if

+oo

T=> 0.2, Yyn (1.3.1)

n=1
with (0,)n € 4y, (2))n € L (X™), and (Yn)n € i (Y). In the case t = oo, let us suppose that
(On)n € co.
The class of all (t,u,v)-nuclear operators is denoted by N y.v).-
We put
Netaww)(T) = 1Tl ) = WE [ (@n)nlly (270

(Yn)n

where the infimum is taken over all (t,u,v)-nuclear representations (3.2.4).

w w
v* u*

Theorem 1.3.1 [17, 18.1.2] Let

then (Nt | - INy.0y) 8 an s-Banach operator ideal.



1.3. The ideal of (t,u,v)-nuclear operators

we now characterize (t, u, v)-nuclear operators by a factorization property.

Theorem 1.3.2 [17, 18.1.3] An operator T € L(X,Y) is called (t,u,v)-nuclear if and only

if there exists a commutative diagram

x Ly

Al 1B

gv* - Eu
A

such that A € L({,+,¢,) is a diagonal operator of the form A(ay,), = (@,0,)n,with (o,), €
li((0n)n € co when t = 00), A € L(X, ly+), B € L({,,Y), and

1T,y = 0F (Bl (@n)nll Al

where the infimum is taken over the all possible factorizations.
Let 1 < p < o0, 1 < r < p* For every v = (z,,), € £,(X) defines an operator
¢, € L({,,X) (see [4]) through the equality

—+00
O, () = Zana:n , a=(ap), € L.
n=1

Let (e;)n be the unit vector basis of £« C (¢,)* (co when r = 1), considered as coordinate
functionals for ¢,. Then we clearly have

+oo

o, = Zen X -

n=1

Proposition 1.3.1 Let 1 < p < oo, 1 <r <p* Letx = (x,)n € lp(X) ((xn)n € co(X)

when p = 00). Then the operator ®, : {, — X is approzimable, i.e., ®, € F(l,, X).

Proof. Let (z,)n<m = (T1, ..y T, ...0,0, ...), we have

Now, since 1 < r < p*,



1.3. The ideal of (t,u,v)-nuclear operators

o0
Yo anpmy

n=m+1

@2 — @)

= sup
(an)n GBZT

oo
< sup > | l|lznl
(an)n€Bg,.n=m+1

wen|

)
sup  sup |an| D5 [lon if p=1
(an)nEBlTn2m+1 n=m+1
i sy L s P 1 .
< sup (> |an M) X @)y if 1<p<oo
(0n)n€By, n=m+1 n=m-4+1
)
sup  sup |z >0 o] if p=oo
(an)n,eB[anm"‘l n=m-+1
o0 v
(5 i) i 12p<o
< n=m+1 N 0
. m
sup |zn| if  p=o0
n>m+1

Thus ®, converges to ®(,,),.,, in L({,, X) as m — oo. Then &, € F,,X). m

Remark 1.3.1 Since F C K, we immediately get that ®, € K((,, X). for v = (2,)n €
Up(X) ((T)n € co(X) when p = 00).

Proposition 1.3.2 Let 1 < p < oo, 1 <r <p*. Let x = (x,)n € L,(X) ((zn)n € co(X)

when p = o0). Then the operator @, : {, — X is (p, 1,r*)-nuclear, i.e.,
CI):L‘ € Mp,l,r*)>

and

1@l , . < llell,.

Proof. For ¢, € K(¢,, X) we have

—+00
b, = g €n X Tp.
n=1

Where (e,), be the unit vector basis of ¢, C (£,.)* are considered as coordinate func-
tionals for /.. It is well known and easy to verify that (e,), € Sp(,.). Therefore, from

2]l €n @ (|2nl ™" 2n) = €0 @ @, it is clear that &, € N1+ and

[y, ., < llall,

as desired. m



1.3. The ideal of (t,u,v)-nuclear operators

We recall that the opertator @, is the injective associate of ®, defined by
®,: 7 :=/./ker®, — X satisfy

q)z = 695%
where ¢ : {, — Z :={,/ ker ®, is the quotient mapping. Then we have the following

Proposition 1.3.3 [{, p.149] Let 1 < p < o0, 1 < r < p*. Let x = (x,)n € {p(X)
((zp)n € co(X) when p = o0). Then the operator

6:” ENsur )(Z,X),

(p,1,r*

and

12|

sur S "'Z: M
war < el
Proof. Let € > 0 be arbitrary. For every z € By choose o, € By, with ||a.| < 1+e€ such that

() = 2z Define Q : £1(Bz) — €, by Q((A\.)sen,) = 3 Asa.. Then Q € L({1(By), L)),

H@H <l+eand ¢Q =Q, : o
e, il .
Q q
5 x
«€1<BZ) QLz o

Therefore,
61@2 = q)x@\ € Mp,l,r*)(£1<BZ)7 X)7

meaning that @, € NGA y(Z, X). Moreover,

||

sur — @ /\H
Nt ) =Q Npars
192, @
< (140 [Ty,

< (4o l(@n)nll -

IN

Since this holds for every € > 0, we have ||, | N < |[(xp)n] - m

10



Chapter 2

The notion of (p, r)-compactness

In this chapter, we define the class of (p, r)-compact operators and describe its structure as

an operator ideal. This chapter is mainly based on [4].

11



2.1. Relatively (p,r)-compact subsets

2.1 Relatively (p,r)-compact subsets

Let X be a Banach space.

Definition 2.1.1 The convex hull of a sequence (z,,), € co(X) is defined as

conv{(z,)n} = {Zanxn : (an)n € le}

n=1

Definition 2.1.2 Let 1 < p < co. The p-convex hull of a sequence (x,,), € £,(X) is defined

as

p — conv{(z,)n} = {Zanxn () € ng*} )

n=1

Definition 2.1.3 Let 1 < p < oo, 1 < r < p*. The (p,r)-convex hull of a sequence
(Tn)n € 0,(X) is defined as

(p.r) — comv{ ().} = {Zanxn  (On)a € B} .

n=1

If (xp)n € loo(X), then (00, 1)—conv{(x,)n,}is exactly absconv{(z,),}, the closed ab-

solutely convex hull of (x,,)n, when

absconv{(x,)n} = {Z&nxn : Z |, |<1, me N} :
n=1 n=1

Remark 2.1.1 Let 1 <p < oo, 1 <r <p*. We have
(p, 1) — conv{(xp)n} = Pu(By,). (2.1.1)

Theorem 2.1.1 [12/(Grothendieck compactness principle). A subset K of X is rel-
atively compact if and only if there exists (x,,)n € co(X) such that K C conv{(z,).}, the
closed convex hull of the sequence (x,,),.

If we consider X to be a finite-dimensional space, this theorem is equivalent to the Heine-
Borel, as in such spaces a closed subset of the closed convex hull of a norm null sequence

18 precisely a closed and bounded subset.

12



2.1. Relatively (p,r)-compact subsets

Let p > 1. If on replaces the space co(X) with £,(X) in the Grothendieck compactness
principle, then one obtains a stronger form of relative compactness is called relatively p-
compact in the sense of Bourgain Reinov see [19], [6].

Let 1 <p < o0,1 <r < p* In[21] another strong form of compactness was introduced by
Sinha and Karn through the requirement that K C p—conv{(x,,),} for some (z,), € ¢,(X).
In this case, we say that K is relatively p-compact in the sense of Sinha Karn.

In [4] they introduced the notion of relatively (p,r)-compact sets in the following way.

Definition 2.1.4 Let 1 < p < oo, 1 <r < p*. A subset K of X is called relatively (p,r)-
compact if

K C (p,r) — conv{(xn)n},
for some (z,)n € €,(X)((21)n € co(X) when p = 00).
Remark 2.1.2 We have
1. The (p, 1)-compactness is precisely the Bourgain Reinov p-compactness.
2. The (p, p*)-compactness is precisely the Sinha Karn p-compactness.

3. According to Grothendieck compactness principle, the (oo, 1)-compactness coincides
with the compactness because (00, 1) — conv{(x,),} is precisely the closed absolutely

convex hull of (x,),.

Remark 2.1.3 Definition 2.1.4 means by (2.1.1) that a subset K of X 1is relatively (p,r)-
compact if and only if
K C ®,(By,),
for some © = (), € £,(X).
In particular, ®,(By,) itself is relatively (p,r)-compact.
Theorem 2.1.2 Let 1 <p<qg<oo, 1 <r<p* and1l < s <qg". Assume that
1 1 1 1

SHS<S 4 (2.1.2)
g s~ p T

If a subset of X is relatively (p,r)-compact, then it is relatively (q, s)-compact.

13



2.1. Relatively (p,r)-compact subsets

Proof. If ¢ = co. Then s = 1. We know that the (oo, 1)-compactness coincides with the
usual compactness. Thus, we have to show that relatively (p,r)-compact sets are relatively
compact. For this it is sufficient to show that ®,(By,) is relatively compact. But the latter
immediately follows from the compactness of ®,.

If 1 <p<g<oo,and r < s, then the assertion in clear as ¢,(X) C ¢,(X) and B, C Bys,
hence

®o(Be,) C 0o(B,)

for any x = (z,)n € p(X).
Finally, let 1 < p < ¢ < 00, and s < r, then if (z,), € ,(X), then

Y= () = (cllzall ™ 20)n € £o(X)

q—p
where ¢ == ||z,] @ .
For a = (ay,), € B, put

a—p
by =c 'znll @ an

so that b,y, = a,x,, n € N. We shall show that b = (b,),, € Bys.

Assume first that 7 < oo. Then > 1 and (%)* = -~ and we can apply Holder’s

r—S

inequality to obtain

1
s

o) H e
s a-p
(S0r) = (L)
n=1
o % [ee) T s
ST q—p _sr
> lan !T> <Z!C“ [ )
=1 =1
n ! n
™ [oe] B
) (sz ) 77
n:lq

-p

[CANFE I

VAN
VR

A IA
Ql
— " 1M
=
3
7

because, due to (2.1.2),

q—p sr
q TT—S
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If r = 0o, then p = 1. Hence by (2.1.2), s = ¢* and

o0 % o0 q—l
(Z [ b 'S) - (Z N
n=1 n=1

1
=

2.2. The operators ideal of (p,r)-compact operators
< o (Z ||xnu%1q*)
n=1

1
a*
q*)
1

0 o
< ! (Z Han> —cle=1.
n=1

Since i .
(I)x<05) = Zanxn = anym
n=1 n=1

and (by,)n € Bys, we have
QI(BZT) C (I)y(Bgs)

Showing that the (p, r)-compactness implies the (g, s)-compactness also in this case. ®

2.2 The operators ideal of (p,r)-compact operators

Let X,Y be Banach spaces. Let 1 <p < oo, 1 <r <p*.

The main objective of this section is to define the class K,y of (p,r)-compact operator
and describe its structure as an operator ideal. Following [21], denote the class of all p-
compact operators in the sense of Sinha-Karn by IC,. Properties of K, were studied in [21,

15], and the references therein.

Definition 2.2.1 Let 1 < p < o0, 1 < r < p*. A linear operator T : X — Y is (p,r)-
compact if T(Bx) is a relatively (p,r)-compact subset of Y.

Denote the class of all (p,r)-compact operators acting between arbitrary Banach spaces

by IC(p’T) .

Remark 2.2.1 It is clear that K1) = K, K, p+) = K, and the class of p-compact opera-

tors in the sense of Bourgain Reinov is precisely Ky 1).

Remark 2.2.2 Let T : X — Y be a linear operator. From (2.1.1) it is clear that T €
Kpn(X,Y) if and only if T(Bx) C ®,(By,) for some y = (yn)n € Lp(Y)((Yn)n € co when
p=00).

15



2.2. The operators ideal of (p,r)-compact operators

Proposition 2.2.1 Let 1 < p < oo, 1 < r < p*. The class of (p,r)-compact operators

K@) i an operator ideal.

Proof. IC(;,,)(X,Y) is a linear subspace of £L(X,Y). Let S,T € K(,,)(X,Y) be such that

{S(BX) C .(By,)
T(Bx) C ®y(B,)
for some = = ()0, ¥ = (Yn)n € Lp(Y) ()0, (Yn)n € co(Y) when p = 00), and let a € K.

Put
Q%axw if nis odd
Zn = 2
2% Yn if niseven
It is easy to verify that then z = (z,), € £,(Y)((2n)n € co(Y) when p = 00),
and (aS + T)(Bx) C ®.(By,), meaning that (aS + T)(Bx) € K4 (X,Y).
This shows that IC(,,y(X,Y") is a linear subspace of L(X,Y).
The space K, (X,Y) contains all rank one operators. We have, z* @ y € K, ,(X,Y)

because

(=" ®y)(Bx) C ®.(By,)
for (z,)n, with 2y =[] 2* ||y, 20 = 25 = ... = 0.
Let Re L(Z,X), T € /C(p’r)(X, Y), S € L(Y,W), then
STR € ]C(p’r)(Z, W),
because
(STR)(B.) C ®u(By,)

for w = () = (| R || S(ya))-

Proposition 2.2.2 The operator ideal K,y is surjective, i.e. Ky = K{7

Proof. Let T' € K3 (X,Y). Denote Z = {1(Bx). Then TQx € K,)(Z,Y), (Qx the
natural surjection Qx : ¢1(Bx) — X is defined by Qx(M\o)eeny = Y. M, (Ar)zeny €

zEBx

¢1(Bx)), and there exists (yn)n € €p(Y)((Yn)n € co(Y) when p = 00), such that

(TQx)(Bz) C ®,(By,).

16



2.2. The operators ideal of (p,r)-compact operators

But Bx C (Qx)(Bz) because for zy € Bx we have xy = Qx(\;),where

1 if =2
Ap =
0 otherwise

Hence T'(Bx) C ©,(By,). m

Corollary 2.2.1 Let 1 <p<qg<o0,1<r<p* and 1< s <qg*. Assume that

11 _1 1
S < -4
¢ s"p T

Then (p,r)-compact operators are also (q, s)-compact operators ,i.e.

Koy |- M) © Ky - k)

In particular if 1 < p < q < oo, then

Koy, I M) © gy, 1 llie)-

Let 1 <p<o0,1<r<p"IfTeKyn(X,Y). We have the natural factorization of T
as follows.

T=3,T,

with T, € £(X, Z), and ®, : Z — Y is the injective associate of ®,,, where Z = ¢,/ ker ®,
Theorem 2.2.1 1 <p <oo, 1 <r <p*. Then K, = ./\/(;7“1;*).

Proof. Let T € K,»(X,Y). Since, by the natural factorization, T = ®,T, and
®, € Ny (Z,Y), where Z = (. [ ker @, (see Proposition 1.5.3), we have T € N JT,. (X, Y).

(p,1,m*) (p,1,7*)

On the other hand, to see that i) C Ky, it suffices to prove that ./\/'( C K>

p,1r*)
because K, is surjective (see Proposition 2.2.2), and A*" C B*" whenever A C B.

Consider T € N, | (X, Y). Then

T = ian@; ® Yn

n=1

with (0,)n € £y ((0n)n € co when p = 00), (xf), € LX(X™), and (Yn)n € l(Y). We clearly
may assume that ||(z}),]. = 1. Indeed,
xk

OnTy, @ Yn = Unm @ [z}l Yn

n

17



2.2. The operators ideal of (p,r)-compact operators

and (||(z2)nlly Yn)n € loo(Y). Observe that (0nyn)n € £p(Y)(0nyn)n € co(Y)) for p = o0).

Together with the assumption ||(x}),|. = 1, we have

Zo-nx yn e (I)(O'nyn)n(BzT)

for every x € Bx. Thus we have shown that T € K, ,(X,Y). Since K, /\/'(‘“”’

p,1,r*)

The equality K,y = J\/'( of operator ideals from Theorem 2.2.1 allows us to equip

su
p,1,m*)

Kpr) with an s-norm in the following natural.

Definition 2.2.2 Let 1 <p < oo and 1 <r < p*. Define

|| N ||K:(p,r)::|| ° ||N(;jfl7,‘7"*) °
Theorem 2.2.2 Let 1 <p < oo and 1 <1 < p*. Then (K, || - llk,,,) is an s-Banach
operator ideal, and K,y = N, (1) 08 s-Banach operator ideals, where s satisfies
1 1 1
s p T

Theorem 2.2.3 Let 1 <p<oo, 1 <r<p*, and T € K,y (X,Y). Then

1T, = inf [Tyl
= inf |y

where the both infimums are taken over all sequences y = (y,)n € €,(Y) such that

T(By) {Zanyn () € Ber}

Proof. Let y = (yn)n € £p(Y)((Yn)n € co(Y') when p = 00), be such that T'(Bx) C ®,(By, ).
We know that T = ®,T,, ||T,|| < 1, by (Proposition 1.3.3 ) we have H@,HNW <yl
(pi1sr™)

Hence,

1Ty, = 1Ty
< 1, Iy I T3
< 17, Iyl
<yl

18



2.2. The operators ideal of (p,r)-compact operators

Consequently,

On the other hand, from the factorization theorem of (¢, u, v)-nuclear operators, we know

that the (p, 1,r*)-nuclear operator T'Q)x factorizes as follows:

where A € L({,,¢) is a diagonal operator of the form A(a,), = (a,0,),,with
(0n)n € Lp((0n)n € co when p=o0), A€ L(Z,{,), Be L({;,Y), and

I7Qxlly; .., =inf [B] (@)l A

where the infimum is taken over the all possible factorizations.

Let € > 0. Choose A, (0,,),, and B as above so that

Il = e+ IT@xly, . .,
> 1BI(@a)all 1] = (@)l

because we clearly may assume that ||A|| = ||B|| = 1. Since Bx C Qx(Byz)

we have
T(Bx) C (BAA)(By) C (BA)(By,) = {ZananB(en) () € B,gr} ,
n=1
where (e,,), is the unit vector basis of ¢,(co when r = oc). Put

Yn = UnB(en)'

Then y = (yn)n € €,(Y)((yn)n € co when p = o00), T(Bx) C ®,(By, ), and

1yl < {l(on)nll
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2.3. Applications to some related operator ideals

Therefore,

ITlle,,, > nflll -

this concludes the proof. m

2.3 Applications to some related operator ideals

Theorem 2.3.1 Let X and Y be Banach spaces. Assume that 1 < p < o0, 1 <

<

IA

3
*

sur

A linear operator T : X — Y belongs to (1) if and only if there exists y =
(YY) (Yn)n € co(Y) when p = 00), such that

T(Bx) C {Zanyn San)n € Bgr} )

n=1

—~
<
3
~
3
m

In this case, the }%—norm of T is given by

T sur - i f
Tl =int [y ],
where the infimum is taken over all admissible sequences y = (Y, )n-

Lemma 2.3.1 [17, 8.4.4] Let XY and Z be Banach spaces, and let A be an s-Banach
operator ideal. If ||S(z)|| < ||[T'(z)||, v € X, for S € L(X,Y) and T € A(X,Z), then
S e AM(X,)Y) with ||S|| g < Tl 4

Theorem 2.3.2 Let X and Y be Banach spaces. Assume that 1 < p < oo, 1 <r <p*. Let

T:X —Y be alinear operator. Then the following statements are equivalent:

(a) T e N, (X,Y).
(b) T € Kguh(X,Y).
(c) There exists (z7), € L,(X*)((2))n € co(X*) when p = 00) such that

| T() <]l (@h(@)n - V2 € X. (2.3.1)
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2.3. Applications to some related operator ideals

Moreover, in this case, the I%—norm of T is given by

Tl p s, = Tl g = i | (@5l

where the infimum is taken over all (z7}), € £,(X*)((x}), € co(X*) when p = o0)

satisfying (2.3.1).

Proof. To simplify notation, we omit below the corresponding s-norms.

(a)==>(b). We know that N, .,) C N ), the regular hull of N, . ,, and by([17,
18.1.6]).
re - dul
Np 'ri _ '/\/-(Palﬂ“*)

Hence, recalling that A% " c Asur 4l for any s-Banach operator ideal A (see [17,
8.5.9]). By Theorem 2.2.2 . we have

inj dul inj sur dul dul
N N C N‘( - ‘A/’(p7177‘*)

(p,r*,1) (p,1,7%) p1,r*)

The above inclusion also means that

< ini inj
HT“IC(;I)?TZ) = “T”N(p’f*’l) VT e N

(pyr*,1)

(b)=(c). Let T' € IC(Z% (X,Y). Then T* € K,y (Y*, X*). Hence (see Theorem 2.2.3),
for every e > 0, there exists (z7), € €,(X*) such that

*(By~) {Zan : n € Bz,«}

and

H(x:;)an < ”THIC dul T €.
(p,r)

For every x € X, we clearly have

|T(2)| = ”SU|l|r<>1 [(T*y*)(z)| < sup { Zlanxii(x) :(an)n € Ber} = ||z ()|, -
yrI< n=
It follows that

inf || ()l < T

whenever the infimum is taken over all (z}), € £,(X*) satisfying (2.3.1).
(¢)=(a). Following an idea from the proof of [17, 8.4.5], we define an
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2.3. Applications to some related operator ideals

operator A € L(X,{,+) by A(x) = (x}(x)), v € X. Clearly

Za: xr)e, , x€X.

Let (ey)n be the unit vector basis of £« C (¢,)* (co when r = 1), considered as coordinate

functionals for /,. Then we clearly have

A:Zx;@)en

n=1

and from

Tn @ en = [[(23)al H( ) i@

we have that and (||(z2)n[)n € £, (respectively (||(z%)n]])n € co When p = 00), (||| ~" %), €

loo(X*) = L2(X™), (en)n € ¥ (L) C £¥(LF) (respectively, (e,)n € €4(co) C €Y (ls) when
r = 1) (cf. Proposition 1.3.2). Hence (see Definition 1.3.1) A € N, 1)(X,¢,+), and

Ml o, < @)l

Since ||T'(z)|| = ||A(z)|| for all x € X, by Lemma 2.3.1, we immediately get that
T e N, (X,Y) and

17

wini, S Al ey S HER)all, -
This proves the theorem. m

Corollary 2.3.1 Let 1 < p < 2. Then

K2 = Npi2),

and

dl
9 = Npa21)

as F—Banach operator ideals.
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Chapter 3
Lipschitz (p,r)-compact mappings

In this chapter, we extend the notion of some well-known forms of Lipschitz p-compact op-
erators which has been studied in [1] to Lipschitz (p, r)-compact operators. Also we transfer
some properties of the linear case into the Lipschitz case. Finally we define the notions of

Lipschitz-free (p, r)-compact operators and Lipschitz locally (p, r)-compact operators.
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3.1. Notation and preliminaries

3.1 Notation and preliminaries

Let X and Y will be pointed metric spaces with a base point denoted by 0 and metric will
be denoted by d. Let E and F' Banach spaces over the same field K .

We recall that a Banach space E will be considered as pointed metric spaces with dis-
tinguished point 0 and distance d(z,2") = || — 2’||. The Lipschitz space Lip,(X, E) is the
Banach space of all Lipschitz mappings 7" from X to E that vanish at 0, under the Lipschitz

norm

Lip (T) = inf{C > 0: | T(z) — T(2")|| < Cd(z,2"); Vx,2' € X}.

When E = K, Lipy(X,K) is denoted by X# and it is called the Lipschitz dual of X.

It is clear that L(E, F') is a subspace of Lip,(E, F') and, in particular, E* is a subspace
of E#. One of the main tools that we will use is the Lipschitz-free Banach space of a metric
space X, F(X) (also known as the Arens—FElls space). For x € X, denote by 4, the function
9, : X#* — K defined as

0:(f) = f(z), feXT.

Then F(X) is the closed linear span of {d,,z € X} in (X#)". In [10] or [11], it is proved
that F(R) is isometric to Ly (R).

We summarize some basic properties concerning Lipschitz-free Banach spaces in the
following lemma. This can be found for instance in [15]. Will use it without further men-

tioning.
Lemma 3.1.1 Let X, Y be pointed metric spaces and E be a Banach space.

1. The dual space of F(X) is isometrically isomorphic to X# through the mapping
Qx : X# — F(X)* given by

Qx(f)(v) =1(f). f € X v € F(X).
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

2. For any Lipschitz mapping 7" € Lip,(X,Y’) there exists a unique linear map T :
F(X) — F(Y) such that Tdx = 8y T. That is, the following diagram commutes

x L v

0z | 1y

FX) L Fy)

3. There exists a quotient map S5: F(FE) — E such that 55 0dp = Idg.

4. For any Lipschitz operator T' € Lipy(X, E) there exists a unique linear map 77, :
F(X) — E such that T'= T}, o jx. That is, the following diagram commutes

T

X — E
ol ST
F(X).
Moreover ||T;| = Lip(T').
in particular, from (2) and (3) we can deduce (4) with T}, = 3,7
The map fg: F(F) — E is called the barycenter map. For T" € Lip,(X, E), we will

consider the Lipschitz adjoint (or dual) of T, defined by Sawashima [20]. That is, T% &

L(E#, X#) is the linear operator given by

T#(g)=goT

for all ¢ € E#. The restriction of T# to E* is called the Lipschitz transpose map of 7' and

is denoted here by T*. Is clear that Qx o T" = T}, where T denotes the transpose map of
the linearization of T and also that T* o Qy =QxoT7.

We refer to the reader to Weaver’s book [22] for the basics of Lipschitz operators.

3.2 The composition ideal of Lipschitz (p,r)-compact

operators

Recall that, for T € Lip,(X, E), Jiménez—Vargas, Sepulcre and Villegas—Vallecillos defined

in [13] the Lipschitz image of T" as

T(x) = T(y)

T (T) = { d(z,y)

:m,yeX,ac#y}.
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

Let 1 <p<oo,1<r<p* In [16] Lassalle and all third author defined the measure of

the size of the p-compact set K as

my(K, E) = inf {||(xn)n||p K C p—conv{(xn)n}} .

and m,(K, F) = oo if K is not p-compact.
If one replaces the p-convex hull of a p-summable sequence by the (p, r)-convex hull then

we define the measure of the size of the (p, r)-compact set K by

M) (K, B) = inf {|wa)all, : K € (p,7)-conv {(z)} }

and m, (K, E) = oo if K is not (p,r)-compact. When the context K C E is understood,

we simply write m,,y(K) instead of m,,) (K, E), and we have the following equalities:

M) (K) = mp (K) = mp(T(K)), (3.2.1)

where I'(K') denotes the absolutely convex hull of K, a relatively (p, r)-compact set.
If » = p* the measure of the size of the (p, p*)-compact is precisely the measure of the

size of the p-compact in other words
Mpp) (K, E) = my(K, E).

Because the p-conv{(x,),} is precisely the (p,p*)-conv{(z,),}, and mee (K, E) =
sup||z||.
zeK

The space of all (p,r)-compact linear operators from E to F K, (E, F) becomes a

Banach space if we endow it with the norm

||T||IC(Z”) = ,C(p,r) (T) = Myp,r) (T(BE))

In [1] Achour, Dahia, and Turco defined the Lipschitz p-compact operators in the fol-
lowing way

Let X be a pointed metric space, F a Banach space and let 1 <p <oo,1 <r <p*. A
Lipschitz operator T' € Lipy(X, F) is Lipschitz p-compact if its Lipschitz image is relatively
p-compact. We denote by IC;(X , E) the set of all Lipschitz p-compact mappings from X to
E. Moreover, if T' € /Cé(X, E), then

iy (T) = my(Imip(T)).
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

If p = oo, then KL (X, E) = Lipyx (X, E), the space of Lipschitz compact operators defined
and studied in [13].

We define Lipschitz (p, r)-compact in an obvious way

Definition 3.2.1 Let 1 < p < oo, 1 < r < p*. A Lipschitz operator T € Lipy(X, E) is
Lipschitz (p,r)-compact if its Lipschitz image is relatively (p,r)-compact.

We denote by /C(Lm) (X, E) the set of all Lipschitz (p,r)-compact mappings from X to E.
Moreover, if T € lC(LW) (X, E), then we set

kG (T) = My (T (T)).

For the extremal cases, it is clear that IC(LOOJ)(X, F) = KL (X, E) = Lipyx (X, E), the space
of Lipschitz compact operators defined and studied in [13]. And IC(LWJ*)(X, E) = K}X,E)
the space of Lipschitz compact operators defined and studied in [1]

Remark 3.2.1 The Lipschitz (p,r)-compact operators can be seen as an extension of the
linear (p,r)-compact operators. Indeed, for E and F Banach spaces, for any linear operator
T: E — F we have that the absolutely convex hull of Imy,(T') coincides with T(Bg). Then,
since a set is (p,r)-compact if and only if its absolutely convex hull is also (p,r)-compact

with the same measure.

We extend the results obtained in [1] of ICI’;“ the class of Lipschitz p-compact operator to

the more general case of IC(LP ) the class of Lipschitz (p, r)-compact operator.

Proposition 3.2.1 Let E and F' be Banach spaces, and 1 < p < oo, 1 <r < p*. Then a
linear operator T € L(E,F) is (p,r)-compact if and only if it is Lipschitz (p,r)-compact.
Moreover, we have

ki (T) = ki (T).

From Theorem 2.1.2 we immediately get the following inclusion results.

Proposition 3.2.2 Let X be a pointed metric and E be a Banach space. Let 1 < p < q <

00, 1 <r<p* and 1 < s < qg*. Assume that
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

Then the Lipschitz (p, r)-compact operators are Lipschitz (g, s)-compact operators, and
L L
k(q7s) (T) S k(p,r) (T)7

L
for any T' € K, (X, E).
In particular, the Lipschitz (p, 1)-compact operators are Lipschitz (¢,1) compact.

Theorem 3.2.1 Let X be a pointed metric space, E a Banach space and let 1 < p < 00
and 1 < r < p*. An operator T € Lipy(X, E) is Lipschitz (p,r)-compact if and only if its

linearization Ty, : F(X) — E is linear (p, r)-compact. Moreover, we have
Ky (T) = ki (T1)- (3.2.2)

Proof. In the proof of [13, Proposition 2.1] it is shown that, for 7" € Lip,(X, E),

Imyp(T) C TL(BJF(X)) C F([mLip(T)) . (3.2.3)
Then, by (3.2.1) we get that
M) (Imiip(T)) = M) (TL(Brx))) = M) (T (Imwip(T))),

and the result follows. m
Let 0 < s < 1. The notion of (s-Banach) Lipschitz operator ideal was introduced by
Cabrera-Padilla ,Chavez-Dominguez, Jiménez-Vargas and Villegas-Vallecillos [8]. This can

be seen as an extension of the linear (s-Banach) operator ideal.

Definition 3.2.2 A Lipschitz operator ideal Iy;, is a subclass of Lip, such that for every

pointed metric space X and every Banach space E the components
T1ip(X, E) = Lipy(X, E) N I

satisfy

(1) ZLip(X, E) is a linear subspace of Lip,(X, E).

(ii) vg € Z1;p(X, E) for v € E and g € X*.
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

(iii) The ideal property: if S € Lipy(Y,X), T € Z1;,(X,FE) and w € L(E, F), then the
composition wT'S is in Zp;, (Y, F).

A Lipschitz operator ideal Zp;, is a s-normed (s-Banach) Lipschitz operator ideal if there

is [.llz,,, : Zrip — [0, +oof that satisfies

(i”) For every pointed metric space X and every Banach space E, the pair (Z1,,(X, E), ||| o)
is a s-normed (s-Banach) space and Lip(T) < ||T|z,,, for all T € Zp;,(X, E).

(if*) |[Zds : K — K, Idz(N) = Ay, =1.

(iii’) If S € Lip,y(Y, X), T € I1;,(X, E) and w € L(E, F), then

|0 TS|y, < Lin(S) |7, llw].

Clearly, the generic Lipschitz operator 1-Banach ideal is precisely the Lipschitz operator

Banach ideal introduced in [3].

Following [3, Definition 3.1], there is a way to construct a (s-Banach) Lipschitz oper-
ator ideal from a (s-Banach) linear operator ideal, called composition method. Let A be
a (s-Banach) linear operator ideal. A Lipschitz mapping T € Lipy(X, E) belongs to the
composition Lipschitz ideal A o Lip, if there exists a Banach space F, a Lipschitz operator
S € Lipy(X, F) and a linear operator v € A(F, E) such that T = uS. If (A, |.|[,) is a

s-Banach operator ideal we write

TNl porip, = inf [[ull 4 Lip(S),

where the infimum is taken over all v and S as above.
In (3], the authors establish a criterion to decide whenever a Lipschitz operator ideal is

of composition or not.

Proposition 3.2.3 /3, Proposition 3.2] Let X be a pointed metric space, E a Banach space
and A an (s-Banach) operator ideal. A Lipschitz operator T € Lipy(X, E) belongs to A o
Lipy (X, F) if and only if its linearization Ty, belongs to A(F(X), E).
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

Furthermore, if (A, ||-[|4) is a s-Banach operator ideal then (A o Lipy, [||| sorsp,) 5 5-
Banach Lipschitz operator ideal with
1T orip, = 1Tl 4 -

By Theorem 3.2.1 and the above criterion, we have the following.

Proposition 3.2.4 Let 1 = %—i— . The class IC{;M) is the s-Banach Lipschitz operator ideal

generated by the composition method from the Banach operator ideal K, ,y. In other words

KL (X, E) = Ky o Lipy(X, E) isometrically,

(pr)

for every X pointed metric space and E a Banach space.

Let Zy,;, be a Lipschitz operator ideal. We recall that a Lipschitz operator T' € Lip,(X,Y)
belongs to the injective hull of 7, if there exists a pointed metric space Z, and a Lispchitz

operator S € Lipy(X, Z) such that
d(T'(x),T(x0)) < d(S(x), S(x0))

for all z,z¢ € X.

We denote by IZL%(X ,Y). The class of all operators from X to Y which belongs to the

injective hull of Zp;, (see [2]).
Proposition 3.2.5 [2, Proposition 2.1]/Let A be a (s-Banach) linear operator ideal. Then
(AoLip,)™ = A™ oLip,.

In particular, if Ty, is a (s-Banach) Lipschitz operator ideal of composition type, then
it is also Ip3).

Proof. Fix X and F and take T € (AoLip,)™ (X, E). Consider the following diagram

X

E—~£ 0 (Bg-)
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

Note that, since tp : £ — (. (Bg~) is a linear operator, the uniqueness of the lin-
earization maps gives that (.gT)r = g1 € A(H(X),l(Bg+)). Then, we have that
T € (AoLipy)™ (X, F) if and only if tpT € (AoLipy)(X, loo(Bg+)) if and only if (¢xT);, €
A(E(X), loo(Bg+)). This is equivalent to the fact that operator ¢y, belongs to the ideal
A, or, in other words, to Ty, € A" (&E(X), F). But this last is, by definition the same to
T € A™ioLipy(X, E). The isometry follows in the same way. =

Let 0 < s < 1. The Lipschitz dual of an (s-Banach)operator ideal A is defined as follows.

Abp=dul(x By = {T € Lipy(X, E) : T" € A(E*, X#)},

for a pointed metric space X and a Banach space F.

If (A, ||-]| ) is a s-normed (s-Banach) operator ideal, we define

Lo = 7]

Then (AYP~# ||| 4rip—au) becomes a s-normed (s-Banach) Lipschitz ideal (see [3, Definiti-
ion 3.8]).

To introduce the Lipschitz dual of (p,r)-compact operators we introduce the most im-
portant results obtained in [5] for the strongly Lipschitz (p, r, s)-nuclear operators.

Let (f;); be a sequence in X#. We say that (f;); is Lipschitz-w*-p-summable if there is

a constant C' such that for all n € N and for all z,z" € X we have

< cd(z, ).

| (i@ =

The smallest such constant C' will be denoted by w* ((f;);), and I (X#) the set of

all Lipschitz-w*-p-summable sequences in X7.

Definition 3.2.3 Suppose that, % + % <1+ % and T € Lipy(X, F). We say that
T : X — E is called strongly Lipschitz (p,r, s)-nuclear if T' can be written in the form

T =Y Nfi®u (3.2.4)

with (A\;); € £,((\j); € co when p = 00), (f;); € ZSL*’W*(X#), and (vj); € l5.(E).

L

The set of all strongly Lipschitz (p,r, s)-nuclear operators is denoted by S/\/'(pms).
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3.2. The composition ideal of Lipschitz (p,r)-compact operators

We put

w
u*

SN o (T) = i |11, 5 (())) 110y);

where the infimum is taken over all strongly Lipschitz (p, r, s)-nuclear representations (3.2.4).

Theorem 3.2.2 [5] Let % = % + 2 +L>1. Then (SN, ) sNE

(p,rys (p,,9)

(.)) is the $-Banach
Lipschitz operator ideal, generated by the composition method from the Banach operator

ideal Ny ). In other words

SN

]771'17S

V(XL E) = N o Lipg (X, E)  isometrically.
For every X pointed metric space and E a separable Banach space.

Proposition 3.2.6 Let X be a metric space, and E separable Banach space. Assume that

1<p<oo,1<r<p* LetT € Lipy(X, E). Then the following statements are equivalent:

(a) T € (SN, 1)™ (X, E).
(b) T €Ki 5" (X, E).

Proof. Let T € (SN, ,.1))™ (X, E). By Proposition 3.2.5 we have

(p,r*,1
(SN(LP»T*J))mj (X’ E) = (N’(p,r*,l))mj © LipO(X, E)

Then, T € (Nj,+ 1)) oLipy(X, E) if and only if its linearization Ty, € (N, 1))™ (F(X), E)(see

Proposition 3.2.3). By Theorem 2.3.2 this is equivalent to that 77, € /C?;;flr) (F(X), E), then

T} € Kpry(E*, F(X)*). On the other hands, we have the equality T} = Qx o T", where
Qx : X# — F(X)* is the canonical isometric isomorphism, and 7% : E* — X7 the

Lipschitz transpose map of 7. Then
T'= QY o T} € Ky (EY, X#).

The result follows. =
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3.3. Lipschitz-free and locally (p,r)-compact mappings

3.3 Lipschitz-free and locally (p,r)-compact mappings

This section is devoted to another two classes of Lipschitz mappings related with (p,r)-
compact sets. The first class we discuss is motivated by notion of Lipschitz-free p-compact
operators, recently introduced by Cabrera—Padilla and Jiménez—Vargas in [7]. And Note

that, in particular, this class can be defined for Lipschitz operators between metric spaces.

Definition 3.3.1 Let X and Y be pointed metric spaces and 1 < p < oo, 1 < r < p*.
A Lipschitz operator T € Lipy(X,Y) is called Lipschitz-free (p,r)-compact if the mapping
dyoT : X — F(Y) is a Lipschitz (p,r)-compact operator. The set of all Lipschitz-free
(p, )-compact operators between X and Y will be denoted by .7-"IC(LW) (X,Y).

For the extremal cases, the Lipschitz-free (oo, 1)-compact mappings coincide with the
Lipschitz-free compact operators of Cabrera—Padilla and Jiménez—Vargas, and the Lipschitz-

free (p, p*)-compact mappings coincide with the Lipschitz-free p-compact defined in [1].
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3.3. Lipschitz-free and locally (p,r)-compact mappings

Theorem 3.3.1 Let X and Y be pointed metric spaces and T € Lipy(X,Y). For1 <p <

0o, 1 < r < p*, the following are equivalent

1. T is Lipschitz-free (p, )-compact.
2. The operator T: F(X) — F(Y) is (p, r)-compact.

Proof. Applying Theorem 3.2.1, we get that 7" is Lipschitz-free (p,r)-compact if and only
if 0y oT)r: F(X) — F(Y) is a (p,r)-compact operator. Then, the equivalence between
(1) and (2) follows by noticing that the operator (dy o T, coincides with the operator 7.
[

The other class that we will deal in this section is the class of Lipschitz locally (p,r)-

compact operators, whose definition arise in a natural way.

Definition 3.3.2 Let X be a pointed metric space, E a Banach space and let 1 < p < o0,
1 <r <p*. A Lipschitz operator T' € Lipy(X, E) is called Lipschitz locally (p,r)-compact at
xo € X if there exists € > 0 such that T'(B.(xy)) is a relatively (p,r)-compact set in E. The
operator T' is said to be Lipschitz locally (p,r)-compact if it is locally (p,r)-compact at x
for every xo € X. We denote by IC(LPO;) (X, E) the set of all locally Lipschitz (p,r)-compact

operators.

Remark 3.3.1 We have that a linear operator between Banach spaces is (p,r)-compact if
and only if maps bounded sets into relatively (p,r)-compact sets. Then, every linear operator

is (p,r)-compact if and only if is Lipschitz locally (p,r)-compact.

Remark 3.3.2 Since every relatively (p,r)-compact set is (q,r)-compact whenever 1 < p <

q<o00,1<r<p" andl <s < q* We assume that

1 1 1 1

-+ -< -+,

q S p T
then we have that FICZLW) C .7-"IC(Lq78) and Kéfﬁ) C IC{J‘E),

. L L oc oc
In particular, FK¢, 1) C FK 1y and /C(val) C /C(L%l)-

The next result describes the relationship between the three classes of Lipschitz operators

that we introduced.
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3.3. Lipschitz-free and locally (p,r)-compact mappings

Proposition 3.3.1 Let1 <p<oo, 1 <r <p*. Then
L Loc
FR Gy € Koy € Ky

Proof. Fix a pointed metric space X and a Banach space F and take T' € F IC(p ") (X, E).
Then dg o T is a Lipschitz (p, r)-compact operator. That is, the Lipschitz image of §z o T is
a relatively (p, r)-compact set in F(FE). As in the proof of [7, Proposition 2.2], we have the
equality Imp,(T) = Bp(Imuip(0g o T)), where 55 is the barycenter map. Thus Imy,(T)
is a relatively (p,r)-compact set in E and, in particular, T is a Lipschitz (p,r)-compact
operator. Then, we showed that flC ) C /C(pr

For the other inclusion, if S € IC(p " (X, E), then its linearization is a (p,r)-compact
operator. Then, for any x € X and any € > 0, we have T(B.(z)) = T1(0x(B(x))). Since
dx(Be(z)) is a bounded set of F(X), we conclude that T'(B.(x)) is a (p,r)-compact set.

Thus ICL CICLOC m

(p,r)”

Theorem 3.3.2 (The strong ideal property) Let 1 < p < oo, 1 < r < p*. For all pointed
metric spaces X, Y, Z . W, if R € Lipy(X,Y), T € ]:ICL n(Y,Z) and S € Lipy(Z, W) then
SoToRGf/CL o (X, W).

Proof. We have to prove that SoToR: F(X) — F(W) is a (p,r)-compact operator. It
is straightforward to check that S oToR=S0ToR. The result follows since T': F V) —

F(Z) is a (p,r)-compact linear operator. m
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Résumé

Dans ce travail on s'intéresse par la notion des ensembles relativement
compacts. Nous allons etudier la classe des operateurs (p, »)-compact et deécrire sa
structure comme un idéal. Nous introduisons aussi le concept des operateurs
Lipschitz (p, r)-compact, on montrera que cela peut étre vu comme une extension
naturelle du cas linéaire et on transférera certaines propriétés du cas lin€aire au cas
Lipschitzien.

Mots-clés. Ensemble relativement compact , Opérateurs compacts, Operateurs
(p.r)-compact, Opérateurs Idéal, Operateurs Lipschitzien p-compact.

Abstract

In this work we will interest by the notion of relatively compact sets, we go on to
study the space of ( p, r)-compact operators and describe its structure as an operator
ideal. We introduce the concept of Lipschitz ( p,r)-compact operators. We show
that can be seen as a natural extension of the linear case and we transfer some
properties of the linear case into the Lipschitz setting.

Key-words. Compact operators, (p,r)-compact operators, Ideal operators,
Lipschitz p-compact operators, Relatively (p, r)-compact subsets.




